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What is difference-in-differences?

A comparison of outcome changes between two periods and 
between two groups with different changes in treatment status.

Difference 1

Difference 2



Broad goals

1. Understand a “forward engineering” causal inference approach

2. See it applied to several difference-in-differences designs

3. Confidence when things are slightly different in your work



A causal inference blueprint

What do we want to learn?

How will we learn about it?

What will we do 
(specifically) with our data?

How should we interpret our results?

Target parameter

Identifying variation
Identifying assumptions
Estimand

Estimator

Robustness

Knowledge!



A difference-in-differences blueprint

What do we want to learn?

How will we learn about it?

What will we do 
(specifically) with our data?

How should we interpret our results?

ATT for today

DiD + parallel trends + 
2x2 (expectations)

Estimator: 2x2 (means), modelling with covariates, aggregation

Robustness 
(not today)

Knowledge!



Course Plan

1. 2x2 DiD (average treatment effects on the treated: ATT)

1. Basic building block (two periods, two groups)

2. Conditioning on covariates

2. GxT DiD (staggered binary treatment: aggregated ATT)

1. Break down into building blocks

2. Aggregation

3. dX2 DiD (continuous treatment: ATT or ACR)

1. Break down into (new) building blocks

2. Aggregation

1. Target parameter

2. Identification 
 + estimation

3. Reporting



What do you want to know?





General set up
Units:       𝑖 = 1, … , 𝑁 

Time:       𝑡 = {0,1}

Treatment status:     𝐷𝑖,𝑡 = 1 if 𝑖 is treated in 𝑡

Treatment path:      𝑫𝒊 = {𝐷𝑖,0, 𝐷𝑖,1} 

        Assume 𝐷𝑖,0 = 0 for all 𝑖  only 
        two paths: {0,1} and {0,0}

Treatment group:      𝐷𝑖 = 1 if 𝑖 is “ever” treated

         𝐷𝑖 ≡ 1{𝑫𝒊 = 0,1 }

Treatment time:     𝑔 = 1

         𝐷𝑖𝑡 ≡ 𝐷𝑖 × 1{𝑡 ≥ 𝑔}  

Outcome:      𝑌𝑖,𝑡



𝑖𝐷𝑖𝑔 𝑌𝑖𝑡



Brazilian set up
Units:       𝑖 = 1, … , 𝑁 

Time (years):     𝑡 = {2005,2007}

Treatment status:     𝐷𝑖,𝑡 = 1 if 𝑖 has a CAPS in 𝑡

Treatment path:      𝑫𝒊 = {𝐷𝑖,2005, 𝐷𝑖,2007} 

        Assume no CAPS in 2005 
        start in 2006 or not

Treatment group:      𝐷𝑖 = 1 if 𝑖 gets a CAPS in 2006

         𝐷𝑖 ≡ 1{𝑫𝒊 = 0,1 }

Treatment time:     𝑔 = 2006

         𝐷𝑖𝑡 ≡ 𝐷𝑖 × 1{𝑡 ≥ 2006} 

Outcome:      Homicides per 10,000 in municipality 𝑖 in year 𝑡



Potential and observed outcomes
𝑌𝑖,𝑡 𝐷𝑖  outcome of unit 𝑖 in period 𝑡 under treatment 𝐷𝑖

𝑌𝑖,𝑡 = {
𝑌𝑖,𝑡 1  𝑖𝑓 𝐷𝑖 = 1 𝑎𝑛𝑑 𝑡 = 2007

𝑌𝑖,𝑡 0  𝑖𝑓 𝐷𝑖 = 0 𝑜𝑟 𝑡 = 2005

𝐷𝑖 = 0 𝐷𝑖 = 1

𝑡 = 2005 𝑌𝑖,𝑡 0  𝑌𝑖,𝑡 0  

𝑡 = 2007 𝑌𝑖,𝑡 0  𝑌𝑖,𝑡 1  

No Anticipation:

We would see 
this homicide rate 
even if there had 
been no CAPS 

Stable Unit Treatment Value Assumption (SUTVA):
Only a municipality’s own treatment status matters (no spillovers!)



Observed outcomes and causal questions

What if there had been no CAPS?

What if they had also gotten a CAPS?



Causal effects and target parameters

𝐷𝑖 = 0 𝐷𝑖 = 1

𝑡 = 2005 𝑌𝑖,𝑡 0  𝑌𝑖,𝑡 0  

𝑡 = 2007 𝑌𝑖,𝑡 1 − 𝑌𝑖,𝑡 0  𝑌𝑖,𝑡 1 − 𝑌𝑖,𝑡 0

Causal effects for 
untreated units 
exist and make 

sense!

And we often talk about effects for the whole population (RCTs!)

But today we choose to care 
about (target) “on the 

treated” effects



…

Average Treatment Effect on the Treated

𝑨𝑻𝑻 =  𝑬 𝒀𝒊,𝒕 𝟏 − 𝒀𝒊,𝒕 𝟎 𝑫𝒊 = 𝟏  

This is a choice!

“Want” vs “Can”

But what “effect”? 



…

Average Treatment Effect on the Treated

𝑨𝑻𝑻 =  𝑬 𝒀𝒊,𝒕 𝟏 − 𝒀𝒊,𝒕 𝟎 𝑫𝒊 = 𝟏  

But what “effect”? 

ATT Counterfactual: 

What would mean outcomes 
among treated units have been 
had they not been treated? 



What are you willing to believe?



“The” parallel trends assumption (2x2)

Parallel Trends: “mean untreated potential 
outcomes for treated units would have 
changed between 2005 and 2007 in the 
same way as untreated outcomes actually 
did for untreated units”

𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 1 − 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 1 = 𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 0 − 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 0



“The” parallel trends assumption (2x2)

Parallel Trends: “mean untreated potential 
outcomes for treated units would have 
changed between 2005 and 2007 in the 
same way as untreated outcomes actually 
did for untreated units”

𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 1 − 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 1 = 𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 0 − 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 0



“The” parallel trends assumption (2x2)

Parallel Trends: “mean untreated potential 
outcomes for treated units would have 
changed between 2005 and 2007 in the 
same way as untreated outcomes actually 
did for untreated units”

𝑬 𝒀𝒊,𝟐𝟎𝟎𝟕 𝟎 𝑫𝒊 = 𝟏 = 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 1 + (𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 0 − 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 0 )

Observable!

Counterfactual!



What should you actually do?



The 2x2 DiD estimand

 𝑨𝑻𝑻𝟐×𝟐 = 𝟎. 𝟑𝟏

Subtract estimated counterfactual from the observed 
post-treatment outcomes for treated municipalities



The 2x2 DiD estimand/estimator
Define target parameter (ATT)

𝑨𝑻𝑻 = 𝐸 𝑌𝑖,2007 1 𝐷𝑖 = 1 − 𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 1

Impose identifying assumption (PT) 

𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 1 − 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 1 = 𝐸 𝑌𝑖,2007 0 𝐷𝑖 = 0 − 𝐸 𝑌𝑖,2005 0  𝐷𝑖 = 0

Get the DiD estimand (2x2)

𝑨𝑻𝑻𝟐×𝟐 = 𝐸 Δ𝑌𝑖,2007 𝐷𝑖 = 1 − 𝐸 Δ𝑌𝑖,2007 0 𝐷𝑖 = 0

Population objectssample analoguesDiD estimator (2x2):

 𝑨𝑻𝑻𝟐×𝟐 = 𝒀̅𝟐𝟎𝟎𝟕
𝑫𝒊=𝟏

− 𝒀̅𝟐𝟎𝟎𝟓
𝑫𝒊=𝟏

− 𝒀̅𝟐𝟎𝟎𝟕
𝑫𝒊=𝟎

− 𝒀̅𝟐𝟎𝟎𝟓
𝑫𝒊=𝟎

Where 𝒀̅𝒕
𝑫𝒊=𝒅

≡
∑𝑖 1 𝐷𝑖=𝑑 𝑌𝑖𝑡

∑𝑖 1 𝐷𝑖=𝑑
 



Two ways to get  𝑨𝑻𝑻𝟐×𝟐

 𝐴𝑇𝑇2×2 = 𝑌̅2007
𝐷𝑖=1

− 𝑌̅2005
𝐷𝑖=1

− 𝑌̅2007
𝐷𝑖=0

− 𝑌̅2005
𝐷𝑖=0

1. By hand: easy, clear, forces you to look at the data, but no standard errors.

2. With OLS: also easy, regression standard errors.

 𝑌𝑖𝑡 = 𝛼̂0 + 𝛼̂1𝐷𝑖 + 𝛼21 𝑡 = 2007 +  𝛽2𝑥2𝐷𝑖 × 1 𝑡 = 2007 + 𝑢𝑖𝑡

 𝛽2𝑥2 = 𝑌̅2007
𝐷𝑖=1

− 𝑌̅2005
𝐷𝑖=1

− 𝑌̅2007
𝐷𝑖=0

− 𝑌̅2005
𝐷𝑖=0

But is it OK to alter this regression? Multiple 
periods? Complex treatments? Covariates?

NO (in general)



Covariates (OLS)



Imbalance in poverty
Poverty rate in treated areas: 51.7
Poverty rate in untreated areas: 47.8



Imbalance in poverty
Poverty rate in treated areas: 51.7
Poverty rate in untreated areas: 47.8

…AND murders 
grew faster in 
higher poverty 
places.

What does this 
mean for PT?

 𝑨𝑻𝑻𝟐×𝟐 = 𝟎. 𝟑𝟏



Covariate subgroups underneath PT

Imagine that there were just “poor” (𝑋𝑖 = 1) and “not poor” (𝑋𝑖 = 0) 
municipalities. Then (by L.I.E.) PT is:

𝐸 Δ𝑌 0 𝐷𝑖 = 1 = 𝐸[𝛥𝑌(0)|𝐷𝑖 = 0]

𝐸 Δ𝑌 0 𝐷𝑖 = 1, 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 1  +
𝐸 Δ𝑌 0 𝐷𝑖 = 1, 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 1 )

𝐸 Δ𝑌 0 𝐷𝑖 = 0, 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 0  +
𝐸 Δ𝑌 0 𝐷𝑖 = 0, 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 0 )=

Covariate and treatment specific trends (“relevance”)

Treatment-specific weights (imbalance)



Covariate subgroups underneath PT

Imagine that there were just “poor” (𝑋𝑖 = 1) and “not poor” (𝑋𝑖 = 0) 
municipalities. Then (by L.I.E.) PT is:

𝐸 Δ𝑌 0 𝐷𝑖 = 1 = 𝐸[𝛥𝑌(0)|𝐷𝑖 = 0]

Unless covariate-specific trends are the equal across groups 
(𝐸 Δ𝑌 0 𝐷𝑖 , 𝑋𝑖 = 𝐸 Δ𝑌 0 𝑋𝑖 = 1 ) AND 𝑋 is balanced (𝑃 𝑋𝑖 𝐷𝑖 = 𝑃(𝑋𝑖)), PT fails.

𝐸 Δ𝑌 0 𝐷𝑖 = 1, 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 1  +
𝐸 Δ𝑌 0 𝐷𝑖 = 1, 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 1 )

𝐸 Δ𝑌 0 𝐷𝑖 = 0, 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 0  +
𝐸 Δ𝑌 0 𝐷𝑖 = 0, 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 0 )≠



So what should we do?



What does “controlling” mean?
ATT counterfactual:  𝑬 𝚫𝒀 𝟎 𝑫𝒊 = 𝟏 

…it is all about using untreated units to “look like” treated units. 

But OLS does this:

𝑌𝑖𝑡 = 𝜃𝑡 + 𝜂𝑖 + 𝛾𝑋𝑖𝑡 + 𝛽𝐷𝑖𝑡 + 𝑢𝑖𝑡

We want methods that use X but identify ATT!

estimated using all data  “overadjustment” 
when treatment effects correlated with 𝑋!*

* See Sloczynski (ReStat 2022) for full details on this.



Target parameter

𝑨𝑻𝑻 = 𝑬 𝒀𝒊,𝟏 𝟏 − 𝒀𝒊,𝟏 𝟎 𝑫𝒊 = 𝟏

Same as without covariates (back to using 𝑡 = {0,1}). 



Identifying assumption: Conditional PT 

𝑨𝑻𝑻 = 𝑬 𝒀𝒊,𝟏 𝟏 − 𝒀𝒊,𝟏 𝟎 𝑫𝒊 = 𝟏

A weaker assumption is PT for units with a given X (CPT):*

𝑬 𝒀𝒊,𝟏 𝟎 − 𝒀𝒊,𝟎 𝟎 𝑫𝒊 = 𝟏, 𝑿𝒊 = 𝑬 𝒀𝒊,𝟏 𝟎 − 𝒀𝒊,𝟎 𝟎 𝑫𝒊 = 𝟎, 𝑿𝒊

*Same covariate-specific trends—one ingredient from our rough PT diagnosis!



Identifying assumption: SO 

Strong overlap:  𝟎 ≤ 𝑷 𝑫𝒊 = 𝟏 𝑿𝒊 < 𝟏

“There are untreated units at every value of X.”

Why do we need it? 

• Without SO, either 𝐸 𝛥𝑌 0 𝐷𝑖 = 1, 𝑋𝑖  or 𝐸[𝛥𝑌 0 |𝐷𝑖 = 0, 𝑋] are not defined!

• There are (modeling) ways around this.



Identification under CPT (Estimand)

Conditioning on covariates gets right to the difference between estimands 
and estimators. See:

𝐴𝑇𝑇 = 𝐸 𝑌𝑖,1 1 𝐷𝑖 = 1 − 𝐸 𝑌𝑖,1 0  𝐷𝑖 = 1  

= 𝐸 𝑌𝑖,1 1 𝐷𝑖 = 1 − 𝐸 𝐸[𝑌𝑖,1 0 |𝑋, 𝐷𝑖 = 1] 𝐷𝑖 = 1  

 = 𝐸 𝑌𝑖,1 1 𝐷𝑖 = 1 − 𝐸 𝐸[𝑌𝑖,0 0 |𝑋, 𝐷𝑖 = 1]+𝐸[Δ𝑌𝑖 0 |𝑋, 𝐷𝑖 = 0] 𝐷𝑖 = 1

 = 𝐸 Δ𝑌𝑖 𝐷𝑖 = 1 − 𝐸 𝐸[Δ𝑌𝑖|𝑋, 𝐷𝑖 = 0] 𝐷𝑖 = 1  

Law of iterated expectations

Conditional parallel trends

Sub observed outcomes for 
potential outcomes

This is a conditional DiD ESTIMAND: all observable population quantities



What should you actually do? (Estimator)

𝐸 Δ𝑌𝑖 𝐷𝑖 = 1 − 𝐸 𝐸[𝛥𝑌𝑖|𝑋, 𝐷𝑖 = 0] 𝐷𝑖 = 1

What can you do with this?

1. Categorical covariatesnon-parametric estimator 



What should you actually do? (Estimator)

𝐸 Δ𝑌𝑖 𝐷𝑖 = 1 − 𝐸 𝐸[𝛥𝑌𝑖|𝑋, 𝐷𝑖 = 0] 𝐷𝑖 = 1

What can you do with this?

1. Categorical covariatesnon-parametric estimator 

Just get mean outcome change for untreated units at each X (𝐸[𝛥𝑌𝑖|𝑋, 𝐷𝑖 = 0]),

Then weight them by distribution of X for treated units (𝐸 ⋅ 𝐷𝑖 = 1 )*

Challenge: dimensionality/sample size

*or calculate a 2x2 DiD at each value of X and average those



What should you actually do? (Estimator)

𝐸 Δ𝑌𝑖 𝐷𝑖 = 1 − 𝐸 𝐸[𝛥𝑌𝑖|𝑋, 𝐷𝑖 = 0] 𝐷𝑖 = 1

What can you do with this?

1. Categorical covariatesnon-parametric estimator 

2. Continuous covariates modelling choices: 
1. Why? Calculating 𝐸[𝛥𝑌𝑖|𝑋, 𝐷𝑖 = 0] may be impossible. Estimand has no feasible

   analog in the sample.



Option 1: fix the weights

Intuition:

𝐸 Δ𝑌 0 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 1  +
𝐸 Δ𝑌 0 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 1 )

𝐸 Δ𝑌 0 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 0  +
𝐸 Δ𝑌 0 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 0 )≠

Use the real untreated conditional outcome changes…

But find a (feasible) way to fix the weights to achieve balance



Inverse Propensity Score Weighting (IPW)

Model conditional probability of treatment: 𝑝 𝑋𝑖 ≡ 𝐸[𝐷𝑖|𝑋𝑖] 

Why does this object help? Because of a theorem!

𝐸 𝐸[𝛥𝑌𝑖|𝑋, 𝐷𝑖=0] 𝐷𝑖 = 1 = 𝐸
𝑝 𝑋𝑖

1 − 𝑝 𝑋𝑖
Δ𝑌𝑖 𝐷𝑖 = 0 𝐸

𝑝 𝑋𝑖

1 − 𝑝 𝑋𝑖
𝐷𝑖 = 0

−1

In practice: Use logit/probit to get an estimated p-score, 𝜋̂ 𝑋𝑖 , and form weights:

𝑤̂ 𝑋𝑖 ≡
𝜋̂ 𝑋𝑖

1 − 𝜋̂ 𝑋𝑖

1

𝑁0
∑

𝑖

1 𝐷𝑖 = 0
𝜋̂ 𝑋𝑖

1 − 𝜋̂ 𝑋𝑖

−1

Then, get counterfactual by averaging Δ𝑌𝑖 for untreated units using 𝑤̂𝑖 𝑋𝑖 , form ATT 

 𝑨𝑻𝑻𝑰𝑷𝑾 =
𝟏

𝑵𝟏
∑

𝒊

𝟏 𝑫𝒊 = 𝟏 𝚫𝒀𝒊 −∑

𝒊

𝟏 𝐷𝑖 = 0 𝒘̂ 𝑿𝒊 𝚫𝒀𝒊

(Abadie 2005, Sant’Anna and Zhao 2020)

Dimension 
reduction!

Reweighted control meanUntouched treatment mean



 𝐴𝑇𝑇𝐼𝑃𝑊

Less weight here

51.7

More weight here

𝑋̅0
𝑔=∞

= 47.8

𝑋̅0
𝑔=2006

= 51.7



 𝐴𝑇𝑇𝐼𝑃𝑊

51.7𝑋̅0
𝑔=∞

= 47.8

𝑋̅0
𝑔=2006

= 51.7

 𝑨𝑻𝑻𝑰𝑷𝑾 = 𝟎. 𝟐𝟗𝟒

Δ𝑌̅
𝐷𝑖=0

= 0.089

Δ𝑌̅𝐼𝑃𝑊
𝐷𝑖=0

= 0.104

Δ𝑌̅
𝐷𝑖=1

= 0.398



Option 2: understand the relationship between 𝑋𝑖 and Δ𝑌 0

Intuition:

𝐸 Δ𝑌 0 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 1  +
𝐸 Δ𝑌 0 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 1 )

𝐸 Δ𝑌 0 𝑋𝑖 = 1 𝑃 𝑋𝑖 𝐷𝑖 = 0  +
𝐸 Δ𝑌 0 𝑋𝑖 = 0 (1 − 𝑃 𝑋𝑖 𝐷𝑖 = 0 )≠

Then apply that relationship to the observed 𝑋𝑖 in the treatment group 

Understand the conditional (on 𝑋𝑖) mean 
of Δ𝑌 0  in the untreated group 



Regression Adjustment (RA)

Model untreated outcome trends as some function, 𝜇Δ 𝑋𝑖; 𝜃 = 𝐸[Δ𝑌𝑖|𝑋𝑖 , 𝐷𝑖 = 0]

Why does this help? Because under CPT, it fills in counterfactual trends for 𝐷𝑖 = 1

In practice: Pick a functional form for the untreated outcome model 𝜇Δ 𝑋𝑖; 𝜃

 Linear: 𝜇Δ 𝑋𝑖; 𝜃 = 𝑋𝑖𝜃; non-linear: 𝜇𝛥 𝑋𝑖; 𝜃 = 𝐺(𝑋𝑖𝜃); non-parametric/ML/etc

Use untreated observations to estimate that model’s parameters;  𝜽

Apply the estimated model to treated units’ X to predict counterfactuals:

 𝑨𝑻𝑻𝑹𝑨 =
𝟏

𝑵𝟏
∑

𝒊

𝟏 𝑫𝒊 = 𝟏 𝚫𝒀𝒊 − 𝝁𝜟 𝑿𝒊;  𝜽  

Dimension 
reduction! 

(Heckman, Ichimura and Todd 1997, Sant’Anna and Zhao 2020)

Average only of treated obs
Controls contributed here



𝑋̅0
𝑔=∞

= 47.8

𝑋̅0
𝑔=2006

= 51.7

 𝐴𝑇𝑇𝑅𝐴
Assumptions
Correct model: Untreated outcome trends really are a 
linear function of size with a slope of -0.0038. 

CPT: Absent treatment, treated municipalities would 
have had murder rate changes with a slope of -0.0038

 𝑨𝑻𝑻𝑹𝑨 = 𝟎. 𝟐𝟗𝟑

is: 𝛥𝑌𝑖 − 𝜇𝛥 𝑋𝑖;  𝜃0 

= 𝜇Δ 𝑋𝑖; 𝜃 = 𝑋𝑖𝛽



Doubly Robust Estimator (DR)

Combine both IPW and RA into a doubly robust estimator:

 𝑨𝑻𝑻𝑫𝑹 =
𝟏

𝑵
∑

𝒊

𝒘̂𝑫=𝟏 − 𝒘̂𝑫=𝟎 𝑿𝒊 𝚫𝒀𝒊 − 𝝁𝜟 𝑿𝒊;  𝜽𝟎 

𝒘̂𝑫=𝟏 ≡
𝜔𝐷

1

𝑁
∑𝑖 𝜔𝐷 

, 𝒘̂𝑫=𝟎(𝑿𝒊) ≡
𝜔 1−𝐷

𝜋̂𝑖 𝑋𝑖
1−𝜋̂𝑖 𝑋𝑖

1

𝑁
∑𝑖 𝜔(1−𝐷)

𝜋̂𝑖 𝑋𝑖
1−𝜋̂𝑖 𝑋𝑖

Identifies ATT if either the p-score model OR the outcome model is correct

(Sant’Anna and Zhao 2020)



“Doubly Robust”

Combine both IPW and RA into a doubly robust estimator:

• Double robustness is a property not a specific estimator (eg. Sloczynski 
and Wooldridge 2018) and there are many ways to do it (ie. Oaxaca-Blinder 
is doubly robust! [Kline 2011])

• teffects/drdid (Stata), did (R)

(Sant’Anna and Zhao 2020)



If time: Medicaid expansion example

Means-tested public 
health insurance in the 
US. Some states 
expanded coverage to 
certain low-income 
adults without children 
starting in 2014.



If time: Medicaid expansion example



If time: Medicaid expansion example

Mean predicted change in 
mortality:

∑

𝑖

1 𝐺𝑖 = 2014 𝜇𝛥 𝑋𝑖;  𝜃0 

∑𝑖 1 𝐺𝑖 = 2014

= 7.2 deaths per 100,000

  𝑨𝑻𝑻𝑹𝑨= 3.7-7.2 = -3.5



If time: Medicaid expansion example



If time: Medicaid expansion example

Much more 
weight for 
these 
untreated 
counties

Reweighted change in mortality among untreated counties: ∑𝑖
1 𝐺𝑖=∞ 𝑤𝑖(𝑥)𝛥𝑌𝑖 

∑𝑖 1 𝐺𝑖=∞ 𝑤𝑖(𝑥)
 = 7.5 deaths per 100,000

   𝑨𝑻𝑻𝑰𝑷𝑾= 3.7-7.5 = -3.8



If time: Medicaid expansion example



If time: Medicaid expansion example
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Staggered roll-out, 2003-2016



Two-way fixed effects

Suppose 𝑔 takes many values; ie. treatment timing varies. This 
equation doesn’t work anymore:

𝑦𝑖𝑡 = 𝛼̂0 + 𝛼̂1𝐷𝑖 + 𝛼̂21 𝑡 = 2007 +  𝛽2𝑥2𝐷𝑖 × 1 𝑡 = 2007 + 𝑢𝑖𝑡

𝑦𝑖𝑡 = 𝛼𝑖 + 𝛼𝑡 +  𝛽𝐷𝑖𝐷𝐷𝑖𝑡 + 𝑢𝑖𝑡

Unit fixed effects Time fixed effects Treatment dummy

Not just one “treatment group” anymore “Post” differs across units now



What is  𝜷𝑫𝒊𝑫?



What is  𝜷𝑫𝒊𝑫?

𝑦𝑖𝑡 = 𝛼𝑖 + 𝛼𝑡 +  𝛽𝐷𝑖𝐷𝐷𝑖𝑡 + 𝑢𝑖𝑡

 𝐷𝑖𝑡 = 𝐷𝑖𝑡 − 𝐷̅𝑖 − 𝐷̅𝑡 − ̅̅𝐷

1. Partial out fixed effects (Frisch-Waugh):

2. Calculate univariate coefficient by brute force:

 𝛽𝐷𝑖𝐷 =
𝑐𝑜𝑣  𝐷𝑖𝑡,𝑦𝑖𝑡

 𝑉  𝐷𝑖𝑡
=

1

𝑁𝑇
∑𝑖 ∑𝑡 𝑦𝑖𝑡− ̅̅𝑦 𝐷𝑖𝑡−𝐷̅𝑖 − 𝐷̅𝑡−̅̅𝐷

1

𝑁𝑇
∑𝑖 ∑𝑡 𝐷𝑖𝑡−𝐷̅𝑖 − 𝐷̅𝑡−̅̅𝐷

 



 𝜷𝑫𝒊𝑫?



 𝜷𝒌∞
𝑫𝒊𝑫



 𝜷ℓ∞
𝑫𝒊𝑫



 𝜷𝒌ℓ
𝑫𝒊𝑫,𝒌

Treatment

Control



Treatment

Control

 𝜷𝒌ℓ
𝑫𝒊𝑫,ℓ



What is  𝜷𝑫𝒊𝑫?

𝑦𝑖𝑡 = 𝛼𝑖 + 𝛼𝑡 +  𝛽𝐷𝑖𝐷𝐷𝑖𝑡 + 𝑢𝑖𝑡

For three groups:

 𝛽𝐷𝑖𝐷 = 𝑠𝑘∞
 𝛽𝑘∞
𝐷𝑖𝐷 + 𝑠ℓ∞

 𝛽ℓ∞
𝐷𝑖𝐷 + 𝑠𝑘ℓ

𝑘  𝛽𝑘ℓ
𝐷𝑖𝐷,𝑘 + 𝑠𝑘ℓ

ℓ  𝛽𝑘ℓ
𝐷𝑖𝐷,ℓ

 



What is  𝜷𝑫𝒊𝑫?

𝑦𝑖𝑡 = 𝛼𝑖 + 𝛼𝑡 +  𝛽𝐷𝑖𝐷𝐷𝑖𝑡 + 𝑢𝑖𝑡

For three groups:

 𝛽𝐷𝑖𝐷 = 𝑠𝑘∞
 𝛽𝑘∞
𝐷𝑖𝐷 + 𝑠ℓ∞

 𝛽ℓ∞
𝐷𝑖𝐷 + 𝑠𝑘ℓ

𝑘  𝛽𝑘ℓ
𝐷𝑖𝐷,𝑘 + 𝑠𝑘ℓ

ℓ  𝛽𝑘ℓ
𝐷𝑖𝐷,ℓ

 



What is  𝜷𝑫𝒊𝑫?

𝑦𝑖𝑡 = 𝛼𝑖 + 𝛼𝑡 +  𝛽𝐷𝑖𝐷𝐷𝑖𝑡 + 𝑢𝑖𝑡

For three groups:

 𝛽𝐷𝑖𝐷 = 𝑠𝑘∞
 𝛽𝑘∞
𝐷𝑖𝐷 + 𝑠ℓ∞

 𝛽ℓ∞
𝐷𝑖𝐷 + 𝑠𝑘ℓ

𝑘  𝛽𝑘ℓ
𝐷𝑖𝐷,𝑘 + 𝑠𝑘ℓ

ℓ  𝛽𝑘ℓ
𝐷𝑖𝐷,ℓ

𝑠𝑘∞ =
𝑛𝑘 + 𝑛∞

2𝑛𝑘∞(1 − 𝑛𝑘∞)𝐷̅𝑘 1 − 𝐷̅𝑘

𝑉  𝐷𝑖𝑡

 

𝑠𝑘ℓ
𝑘 =

𝑛𝑘 + 𝑛ℓ 1 − 𝐷̅ℓ
2
𝑛𝑘ℓ 1 − 𝑛𝑘ℓ

𝐷̅𝑘 − 𝐷̅ℓ

1 − 𝐷̅ℓ

1 − 𝐷̅𝑘

1 − 𝐷̅ℓ

𝑉  𝐷𝑖𝑡

𝑠𝑘ℓ
ℓ =

𝑛𝑘 + 𝑛ℓ 𝐷̅𝑘
2
𝑛𝑘ℓ 1 − 𝑛𝑘ℓ

𝐷̅𝑘 − 𝐷̅ℓ

𝐷̅𝑘

𝐷̅ℓ

𝐷̅𝑘

𝑉  𝐷𝑖𝑡

Sample size2



Subsample 
variance of 
treatment

What is  𝜷𝑫𝒊𝑫?

𝑦𝑖𝑡 = 𝛼𝑖 + 𝛼𝑡 +  𝛽𝐷𝑖𝐷𝐷𝑖𝑡 + 𝑢𝑖𝑡

For three groups:

 𝛽𝐷𝑖𝐷 = 𝑠𝑘∞
 𝛽𝑘∞
𝐷𝑖𝐷 + 𝑠ℓ∞

 𝛽ℓ∞
𝐷𝑖𝐷 + 𝑠𝑘ℓ

𝑘  𝛽𝑘ℓ
𝐷𝑖𝐷,𝑘 + 𝑠𝑘ℓ

ℓ  𝛽𝑘ℓ
𝐷𝑖𝐷,ℓ

𝑠𝑘∞ =
𝑛𝑘 + 𝑛∞

2𝑛𝑘∞(1 − 𝑛𝑘∞)𝐷̅𝑘 1 − 𝐷̅𝑘

𝑉  𝐷𝑖𝑡

 

𝑠𝑘ℓ
𝑘 =

𝑛𝑘 + 𝑛ℓ 1 − 𝐷̅ℓ
2
𝑛𝑘ℓ 1 − 𝑛𝑘ℓ

𝐷̅𝑘 − 𝐷̅ℓ

1 − 𝐷̅ℓ

1 − 𝐷̅𝑘

1 − 𝐷̅ℓ

𝑉  𝐷𝑖𝑡

𝑠𝑘ℓ
ℓ =

𝑛𝑘 + 𝑛ℓ 𝐷̅𝑘
2
𝑛𝑘ℓ 1 − 𝑛𝑘ℓ

𝐷̅𝑘 − 𝐷̅ℓ

𝐷̅𝑘

𝐷̅ℓ

𝐷̅𝑘

𝑉  𝐷𝑖𝑡



Example: Stevenson and Wolfers (2006)



bacondecomp



t*lt*k

(t*l-t*k)/2

(t*l-t*k)

k event times: [0, (t*l-t*k)-1]      

l event times: [-(t*l-t*k), -1]

k event times: [-(t*k-1), -1]      

l event times: [-(t*l-1), -(t*l-t*k)-1]

k event times: [(t*l-t*k), T-t*k]      

l event times: [0, T-t*l]      

0
5

0
1

0
0

1
5

0
U

ni
ts

 o
f 

y

Time

This one is fine

This one is not

**Sun and Abraham show 
that a version of this is a 
problem even for event-
study specifications.

Biggest TWFE Problem: Time-Varying 
Homogeneous Effects

**Wooldridge argues this 
is not a failure of TWFE 
per se, but of the 
specification (ie. just add 
more flexible terms)



Heterogeneity bias in bacondecomp



Seeing it in the event-study: SW (2006)

Average post-period effect is -4.92!



Seeing it in the event-study: Baker (2015)

-30

-60

-70

-10

Average ES ≈ 42.5

DD (Table 3) = -20.5 (s.e. = 4.9)



Seeing it in the event-study: Moskatel and Slusky (2017)

~ -5

DD estimate = -1.5



But: don’t do bacondecomp

• It isn’t a robustness check of anything

• It doesn’t work (that well) with covariates

• It sows confusion about “negative weights”

• It diagnoses a problem with many easy fixes

• (It is very pedagogically valuable, though!)



What does “ATT” mean when there 
are multiple treated groups?



General set up
• Units:      𝑖 = 1, … , 𝑁 

• Time (years):     𝑡 = {1, … , 𝑇}

• Treatment status:     𝐷𝑖,𝑡 = 1 if 𝑖 is treated in 𝑡

• Treatment path:      𝑫𝒊 = {𝐷𝑖,1, … , 𝐷𝑖,𝑇} 

        Assume 𝐷𝑖,0 = 0 for all 𝑖

• Treatment group:      𝐺𝑖 = 𝑔 if 𝑖 is treated at time 𝑔

       𝐺𝑖 = ∞ if 𝑖 is “never” treated

Treatment time:     𝑔 ∈ 2, … , 𝑇 ∪ ∞

         𝐷𝑖𝑡 ≡ 1{𝑡 ≥ 𝐺𝑖}  

Outcome:      𝑌𝑖,𝑡



Potential and observed outcomes
• 𝑌𝑖,𝑡 𝑔  outcome of unit 𝑖 in period 𝑡 if treated at time 𝑔

𝑌𝑖,𝑡 = ∑

𝑔

1 𝐺𝑖 = 𝑔 𝑌𝑖,𝑡 𝑔

𝐺𝑖  = ∞ 𝐺𝑖  = 2 𝐺𝑖 = 𝑔 𝐺𝑖  = 𝑇

𝑡 = 1 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞  

𝑡 = 2 𝑌𝑖,𝑡 ∞ 𝒀𝒊,𝒕 𝟐 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞

⋮

𝑡 = 𝑇 − 1 𝑌𝑖,𝑡 ∞ 𝒀𝒊,𝒕 𝟐 𝒀𝒊,𝒕 𝒈 𝑌𝑖,𝑡 ∞

𝑡 = 𝑇 𝑌𝑖,𝑡 ∞ 𝒀𝒊,𝒕 𝟐 𝒀𝒊,𝒕 𝒈 𝒀𝒊,𝒕 𝑻



Potential and observed outcomes
• 𝑌𝑖,𝑡 𝑔  outcome of unit 𝑖 in period 𝑡 if treated at time 𝑔

𝑌𝑖,𝑡 = ∑

𝑔

1 𝐺𝑖 = 𝑔 𝑌𝑖,𝑡 𝑔

𝐺𝑖  = ∞ 𝐺𝑖  = 2 𝐺𝑖 = 𝑔 𝐺𝑖  = 𝑇

𝑡 = 1 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞  

𝑡 = 2 𝑌𝑖,𝑡 ∞ 𝒀𝒊,𝒕 𝟐 𝑌𝑖,𝑡 ∞ 𝑌𝑖,𝑡 ∞

⋮

𝑡 = 𝑇 − 1 𝑌𝑖,𝑡 ∞ 𝒀𝒊,𝒕 𝟐 𝒀𝒊,𝒕 𝒈 𝑌𝑖,𝑡 ∞

𝑡 = 𝑇 𝑌𝑖,𝑡 ∞ 𝒀𝒊,𝒕 𝟐 𝒀𝒊,𝒕 𝒈 𝒀𝒊,𝒕 𝑻

No Anticipation:

We would see 
this homicide rate 
even if there had 
been no CAPS 



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

𝐴𝑇𝑇 𝑔, 𝑡 ≡ 𝐸[𝑌𝑖𝑡 𝑔 − 𝑌𝑖𝑡 ∞ |𝐺𝑖 = 𝑔]

The causal effect on unit 
𝑖 in period 𝑡 of having 
been treated at time 𝑔Being averaged (again, 

this is a choice!)

Only over the units who really 
did get treated at time 𝑔

“Building block parameter”: 
A simple DiD type of ATT parameter with one treatment (time 𝑔)
and one “post” period (time 𝑡), averaged over one group (group 𝑔)



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

(𝑡)

But there is an ATT(g,t) 
parameter for every 𝑡 in the 
2006-group’s post-period

This was earlier

𝐺𝑖 = 2003

𝐺𝑖 = 2004

𝐺𝑖 = 2005



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

(𝑡)

and for every 𝑡 in the 2003-
group’s post-period

𝐺𝑖 = 2003

𝐺𝑖 = 2004

𝐺𝑖 = 2005



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

(𝑡)

and in the 2004-
group’s post-period

𝐺𝑖 = 2003

𝐺𝑖 = 2004

𝐺𝑖 = 2005

…14 treated cohorts, 15 years, 120 𝑨𝑻𝑻 𝒈, 𝒕 ′𝐬 



All DiD analyses center on “building blocks”

1. That is where identification lives and dies (next section)

2. That is how what you should think about estimating (section after that)

3. You choose up front what combination of building blocks you want.



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

𝐺𝑖

2006

2007

2008

Sample period (t)

𝐴𝑇𝑇(2006,2006) 𝐴𝑇𝑇(2006,2007) 𝐴𝑇𝑇(2006,2008)

𝐴𝑇𝑇(2007,2007) 𝐴𝑇𝑇(2007,2008)

𝐴𝑇𝑇(2008,2008)

Imagine (for simplicity) that this were the roll-out and the data ended in 2008



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

𝐺𝑖

2006

2007

2008

Sample period (t)

𝑨𝑻𝑻(𝟐𝟎𝟎𝟔, 𝟐𝟎𝟎𝟔) 𝐴𝑇𝑇(2006,2007) 𝐴𝑇𝑇(2006,2008)

𝑨𝑻𝑻(𝟐𝟎𝟎𝟕, 𝟐𝟎𝟎𝟕)𝐴𝑇𝑇(2007,2008)

𝑨𝑻𝑻(𝟐𝟎𝟎𝟖, 𝟐𝟎𝟎𝟖)

These are the “instantaneous” 
effects for each timing group



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

𝐺𝑖

2006

2007

2008

Sample period (t)

𝐴𝑇𝑇(2006,2006) 𝑨𝑻𝑻(𝟐𝟎𝟎𝟔, 𝟐𝟎𝟎𝟕)𝐴𝑇𝑇(2006,2008)

𝐴𝑇𝑇(2007,2007) 𝑨𝑻𝑻(𝟐𝟎𝟎𝟕, 𝟐𝟎𝟎𝟖)

𝐴𝑇𝑇(2008,2008)

These are the “instantaneous” 
effects for each timing group

These are the “second-year” 
effects for each timing group, but 
you can only hope to estimate 
them for G=2006 and G=2007!



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

𝐺𝑖

2006

2007

2008

Sample period (t)

𝐴𝑇𝑇(2006,2006) 𝐴𝑇𝑇(2006,2007) 𝑨𝑻𝑻(𝟐𝟎𝟎𝟔, 𝟐𝟎𝟎𝟖)

𝐴𝑇𝑇(2007,2007) 𝐴𝑇𝑇(2007,2008)

𝐴𝑇𝑇(2008,2008)

These are the “instantaneous” 
effects for each timing group

These are the “second-year” 
effects for each timing group, but 
you can only hope to estimate 
them for G=2006 and G=2007!

The “longest run” 
effect can only be 
estimated for the 
earliest group!



Event-Time ATTs: 𝑨𝑻𝑻(𝒆)

𝐺𝑖

2006

2007

2008

Event-time (𝑒 = 𝑡 − 𝑔)

𝐴𝑇𝑇(2006,2006) 𝐴𝑇𝑇(2006,2007) 𝐴𝑇𝑇(2006,2008)

𝐴𝑇𝑇(2007,2007) 𝐴𝑇𝑇(2007,2008)

𝐴𝑇𝑇(2008,2008)

0 1 2-1-2

Note: These event-times are not 
“balanced”; we don’t see +0, +1, 
and +2 for the same municipalities!



Overall ATT: 𝑨𝑻𝑻

𝐺𝑖

2006

2007

2008

Event-time (𝑒 = 𝑡 − 𝑔)

𝐴𝑇𝑇(2006,2006) 𝐴𝑇𝑇(2006,2007) 𝐴𝑇𝑇(2006,2008)

𝐴𝑇𝑇(2007,2007) 𝐴𝑇𝑇(2007,2008)

𝐴𝑇𝑇(2008,2008)

0 1 2-1-2

Or you can average them all, but note 
that groups contribute different numbers 
of parameters!

Aggregation matters and it starts with 
the target parameter you choose!



The average first-year treatment effect of CAPS clinics on homicide rates among treated 
municipalities.

𝑨𝑻𝑻(𝟎)

The average treatment effect in treated years in treated municipalities.

𝑨𝑻𝑻



Identifying the building blocks

𝐴𝑇𝑇 𝑔, 𝑡 =  𝐸 𝑌𝑖𝑡 𝑔 − 𝑌𝑖𝑡 ∞ 𝐺𝑖 = 𝑔

     𝐸 𝑌𝑖𝑡 𝑔 𝐺𝑖 = 𝑔 − 𝐸[𝑌𝑖𝑡(∞)|𝐺𝑖 = 𝑔]

Can identify just like a 2x2:

 Periods 𝑡 and 𝑔 − 1 

 Groups 𝐺𝑖 = 𝑔 and 𝐺𝑖 ∈ 𝒢𝑐𝑜𝑚𝑝 more in a second

+ parallel trends!

𝐸[𝑌𝑖𝑡(∞)|𝐺𝑖 ∈ 𝒢𝑐𝑜𝑚𝑝] − 𝐸 𝑌𝑖𝑔−1 ∞ 𝐺𝑖 ∈ 𝒢𝑐𝑜𝑚𝑝 =  𝐸 𝑌𝑖𝑡 ∞ 𝐺𝑖 = 𝑔 − 𝐸 𝑌𝑖𝑔−1 ∞ 𝐺𝑖 = 𝑔

Observed change in mean outcomes 
for comparison units from 𝑔 − 1 to 𝑡

Unobserved change in mean 
untreated potential outcomes 
for units in group 𝑔 from 𝑔 − 1 to 𝑡



Parallel Trends for 𝑨𝑻𝑻(𝟐𝟎𝟎𝟔, 𝟐𝟎𝟎𝟕)

We compared the 2006 group to the never 
treated group b/w 2005 (𝑔 − 1) and 2007 (𝑡)

DiD estimates ATT(2006,2007) = 0.31

PT tells you the counterfactual 𝐸 𝑌𝑖𝑡 ∞ 𝐺𝑖 = 𝑔

2006

2009



Parallel Trends for 𝑨𝑻𝑻(𝟐𝟎𝟎𝟔, 𝟐𝟎𝟎𝟕)

But we also could have compared to the 2009 
because they, too, are untreated by 2007 (𝑡)

Different PT gives a different counterfactual 𝐸 𝑌𝑖𝑡 ∞ 𝐺𝑖 = 𝑔

Now DiD estimates ATT(2006,2007) = 0.05



Many PTs in a staggered design

Now you have choices about comparison units in 𝒢𝑐𝑜𝑚𝑝:

𝐸[𝑌𝑖𝑡(∞)|𝐺𝑖 ∈ 𝒢𝑐𝑜𝑚𝑝] − 𝐸 𝑌𝑖𝑔−1 ∞ 𝐺𝑖 ∈ 𝒢𝑐𝑜𝑚𝑝 =  𝐸 𝑌𝑖𝑡 ∞ 𝐺𝑖 = 𝑔 − 𝐸 𝑌𝑖𝑔−1 ∞ 𝐺𝑖 = 𝑔

Never-treated units:  𝒢𝑛𝑒𝑣 = {𝑔 = ∞}

Not-yet-treated units:  𝒢𝑛𝑦 = 𝑔: 𝑡 < 𝑔 < ∞

All untreated units at time t: 𝒢𝑢𝑛 = 𝒢𝑛𝑦⋃𝒢𝑛𝑒𝑣 = {𝑔: 𝑡 < 𝑔}

Last treated group:  𝒢𝑚𝑎𝑥 = {𝑔 = 𝑔𝑚𝑎𝑥}

Same comparison group for all 𝐴𝑇𝑇 𝑔, 𝑡 !

Shrinking comparison t grows.

Biggest comparison 
group at time 𝑡.

Sun and Abraham



Choice of comparison group and “willingness to believe”

You need a reason to believe.
• Why did treatment happen? Did someone chose it? What constrained them? What 

were they maximizing? What did they know? 

• Seminal example: Ashenfelter and Card (1985); recent discussion Ghanem, 
Sant’Anna, and Wuthrich(2022)

“

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001


Choice of comparison group and “willingness to believe”

You need a reason to believe.
• Why did treatment happen? Did someone chose it? What constrained them? What 

were they maximizing? What did they know? 

• Seminal example: Ashenfelter and Card (1985); recent discussion Ghanem, 
Sant’Anna, and Wuthrich(2022)

“Parallel trends”: mean 𝑌(∞) would have changed identically in T/C groups.
• Levels can be different, but sometimes that makes PT untenable

• Not typically invariant to transformations (Roth & Sant’Anna 2023)

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://arxiv.org/abs/2203.09001
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https://www.econometricsociety.org/publications/econometrica/2023/03/01/When-Is-Parallel-Trends-Sensitive-to-Functional-Form
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Choice of comparison group and “willingness to believe”

You need a reason to believe.
• Why did treatment happen? Did someone chose it? What constrained them? What 

were they maximizing? What did they know? 

• Seminal example: Ashenfelter and Card (1985); recent discussion Ghanem, 
Sant’Anna, and Wuthrich(2022)

“Parallel trends”: mean 𝑌(∞) would have changed identically in T/C groups.
• Levels can be different, but sometimes that makes PT untenable

• Not typically invariant to transformations (Roth & Sant’Anna 2023)

“Bias stability”: selection bias yesterday is the same as it would be today
• Just because a confounder is constant doesn’t mean it’s not a potential PT violation

• Alternative assumptions imply different estimators (ie. AR(1)LDV; Ding and Li 2019)

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://arxiv.org/abs/2203.09001
https://www.econometricsociety.org/publications/econometrica/2023/03/01/When-Is-Parallel-Trends-Sensitive-to-Functional-Form
https://www.econometricsociety.org/publications/econometrica/2023/03/01/When-Is-Parallel-Trends-Sensitive-to-Functional-Form
https://www.econometricsociety.org/publications/econometrica/2023/03/01/When-Is-Parallel-Trends-Sensitive-to-Functional-Form
https://www.cambridge.org/core/journals/political-analysis/article/bracketing-relationship-between-differenceindifferences-and-laggeddependentvariable-adjustment/2FDDA72EBC5979561F1D0414329F003E


What should you actually do?



Estimation is “simple”!

Choose a PT 
assumption/comparison 
group

Go cohort-by-cohort and 
estimate ATT(g,t)s by 
simple 2x2’s 



 𝑨𝑻𝑻(𝒈, 𝒕) plotted against 𝒕

Never-treated 
comparison group: 
𝒢𝑐𝑜𝑚𝑝 = 𝒢𝑛𝑒𝑣



 𝑨𝑻𝑻(𝒈, 𝒕) plotted against 𝒆 = 𝒕 − 𝒈



∑𝒈=𝒈𝒂

𝒈𝒃 𝒘𝒈
 𝑨𝑻𝑻(𝒈, 𝒕) plotted against 𝒆 = 𝒕 − 𝒈

Share of treated 
municipalities in 
cohort g

Another role for 
weighting: aggregation!



This is Callaway and Sant’Anna!

 𝑨𝑻𝑻(𝒆) plotted against 𝒆

https://www.sciencedirect.com/science/article/pii/S0304407620303948
https://www.sciencedirect.com/science/article/pii/S0304407620303948


Event-time (im)balance

𝑡 ∈ 2002,2016
𝑔 ∈ {2002,2016}



 𝑨𝑻𝑻(𝒆) plotted against 𝒆, “balanced” 
event-times



 𝑨𝑻𝑻(𝒆) plotted against 𝒆, “balanced” 
event-times, csdid



Comparing to TWFE

TWFE



Adding covariates (RA estimator)

 𝐴𝑇𝑇𝑅𝐴(𝑒)



Adding covariates (IPW estimator)

 𝐴𝑇𝑇𝐼𝑃𝑊(𝑒)



Short gaps (no) vs long gaps (yes)

Long gaps (what we 
have been doing):

𝐸 𝑌𝑡 − 𝑌𝑔−1 𝐺 = 𝑔

− 𝐸[𝑌𝑡 − 𝑌𝑔−1|𝐺 = ∞]

Short gaps (what CS does by 
default in the pre-period):

𝐸 𝑌𝑡 − 𝑌𝑡−1 𝐺 = 𝑔
−𝐸[𝑌𝑡 − 𝑌𝑡−1|𝐺 = ∞]

Do long gaps!
Stata/csdid: long2
R: base=universal



Accidental short gaps in the wild



Another example: free lawyers, more 
divorce?



Cunningham and Goodman-Bacon (2024)

• Context: Federally funded legal clinics providing advice and 
representation to (some) low-income communities. 

• Treatment: Year in which county i received its first “LSP” grant 
(1965-1975)

• Outcome: county-by-year panel of divorce rates (~3,100 counties, 
30 years from 1959-1988)

• Target parameter: average treatment effects of “LSP” on county-
level divorce rates in treated counties.**

**Not targeting the effect of LSP availability on, say, eligible or “served” people.



Building 𝑨𝑻𝑻(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)

Periods g-1 and t

Groups G=1966 and G=∞

Calculate Δ𝑌

Just need one period now



 𝑨𝑻𝑻𝑰𝑷𝑾(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)
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 𝑨𝑻𝑻𝑰𝑷𝑾(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



 𝑨𝑻𝑻𝑰𝑷𝑾(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



 𝑨𝑻𝑻𝑰𝑷𝑾(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



 𝑨𝑻𝑻𝑹𝑨(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



 𝑨𝑻𝑻𝑹𝑨(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



 𝑨𝑻𝑻𝑹𝑨(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



 𝑨𝑻𝑻𝑹𝑨(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



CS estimates  𝑨𝑻𝑻(𝒈, 𝒕)

 𝐴𝑇𝑇 (1965, 𝑡)

 𝐴𝑇𝑇 (1966, 𝑡)

 𝐴𝑇𝑇 1967, 𝑡 ,  𝐴𝑇𝑇 1968, 𝑡 ,…, 𝐴𝑇𝑇 1975, 𝑡

11 treatment groups, 29 periods (30 years minus 
one normalization) = 319 𝑨𝑻𝑻(𝒈, 𝒕)s

 𝑨𝑻𝑻𝑹𝑨(𝟏𝟗𝟔𝟔, 𝟏𝟗𝟔𝟗)



Aggregating CS estimates

 𝐴𝑇𝑇(𝑒) weights  𝐴𝑇𝑇(𝑔, 𝑔 + 𝑒) 
across cohorts according to 
number of treated units 



Aggregating CS estimates



Comparing CS estimates

 𝐴𝑇𝑇𝑅𝐴,𝑛𝑒𝑣(𝑒)

 𝐴𝑇𝑇𝑅𝐴,𝑛𝑦(𝑒)

 𝐴𝑇𝑇𝐷𝑅,𝑛𝑦(𝑒)



Other paths through the blueprint:

What do you want to know/what can you know? (Parameter of Interest)

What are you willing to believe?      (Parallel Trends for all t<g)

What should you actually do?    (Estimand/Estimator)

Were your beliefs plausible?    (Internal Validity)

Borusyak, Jaravel, Spiess/Gardner/Wooldridge:
PT relative to ALL pre-treatment periods is stronger so it buys you more



Other paths through the blueprint:

What do you want to know/what can you know? (Parameter of Interest)

What are you willing to believe?      (Parallel Trends for all t<g)

What should you actually do?            (regression/imputation)

Were your beliefs plausible?    (Internal Validity)

Borusyak, Jaravel, Spiess/Gardner/Wooldridge (did_imputation):
Compare to mean pre-treatment outcome, not just g. Can be more efficient (Harmon 2022).
 But if you want efficiency, just get it with GMM (Chen, Sant’Anna, Xie 2025)

https://arxiv.org/abs/2506.17729
https://arxiv.org/abs/2506.17729
https://arxiv.org/abs/2506.17729
https://arxiv.org/abs/2506.17729
https://arxiv.org/abs/2506.17729


(Don’t) “Try all the new estimators”



Return to the blueprint:

What do you want to know/what can you know? 

What are you willing to believe? 

What should you actually do?   

Were your beliefs plausible?   

What did you learn?   

When you go this direction, 
many questions start clear 
and remain clear, even 
when the design gets more 
complex:

What is your goal?
What do you assume?
What are you doing?
What evidence is there that 
your approach is good?



Return to the blueprint:

What do you want to know/what can you know? 

What are you willing to believe? 

What should you actually do?   

Were your beliefs plausible?   

What did you learn?   

But when you start with 
a familiar estimator:

You sometimes don’t 
get what you want

Sometimes you don’t 
get anything causal

Unless you have extra 
assumptions



Another example: cheaper hip 
replacements?



What does “ATT” mean 
when there are multiple 
treated groups?



Group-Time ATTs: 𝑨𝑻𝑻(𝒈, 𝒕)

Timing groups
(𝐺𝑖 = 𝑔)

(𝑡)



Figure 2: log Mean outcomes by 𝒈 and 𝒕

g=2019

g=2020

g=2017

g=2016

g=2018



Figure 2: log Mean outcomes by 𝒈 and 𝒕

g=2019

g=2020

g=2017

g=2016

g=2018
𝐴𝑇𝑇 2016,2017   
                   =  −0.041

Change in mean outcomes 
for all 𝑔 > 2017



Figure 2: log Mean outcomes by 𝒈 and 𝒕

g=2019

g=2020

g=2017

g=2016

g=2018
𝐴𝑇𝑇 2016,2017   
                   =  −0.041

Change in mean outcomes 
for all 𝑔 > 2017



g=2019

g=2020

g=2017

g=2016

g=2018

Change in mean outcomes 
for all 𝑔 > 2018

𝐴𝑇𝑇 2016,2018   
                   =  −0.047

Figure 2: log Mean outcomes by 𝒈 and 𝒕



 𝐴𝑇𝑇(2019, 𝑡)

 𝐴𝑇𝑇(2017, 𝑡)

 𝐴𝑇𝑇(2016, 𝑡)

 𝐴𝑇𝑇(2018, 𝑡)

 𝑨𝑻𝑻(𝒈, 𝒕) plotted against 𝒕



 𝐴𝑇𝑇(2019, 𝑡)

 𝐴𝑇𝑇(2017, 𝑡)

 𝐴𝑇𝑇(2016, 𝑡)

 𝐴𝑇𝑇(2018, 𝑡)

 𝑨𝑻𝑻(𝒈, 𝒕) plotted against 𝒆 = 𝒕 − 𝒈



Note:
• Equal weights across groups
• Imbalanced event-times!
• This is Callaway and Sant’Anna!

 𝑨𝑻𝑻(𝒆) plotted against 𝒆

https://www.sciencedirect.com/science/article/pii/S0304407620303948
https://www.sciencedirect.com/science/article/pii/S0304407620303948


Comparing to TWFE

You might think this “looks better”, 
but it’s a nonsensical average!

TWFE DiD coefficient makes no 
sense—way too small (b/c of Δ𝐴𝑇𝑇)!

ATT(e)



New Developments in Difference-in-
Differences: Continuous Treatment

Andrew Goodman-Bacon

IIPF, 2026



What about continuous treatments?

Variation in treatment intensity/dose/level is:

1. Common 
2. Often the only variation
3. Or maybe the “best” variation

3/5 of my DD papers!

Think “near vs. far” 
instead of “shock vs. 
no shock”

Think federal policies!



Variation in treatment intensity/dose/level is:

1. Common 
2. Often the only variation
3. Or maybe the “best” variation

“Dose-response effects” are:

1. Evidence for internal validity 

What about continuous treatments?



Variation in treatment intensity/dose/level is:

1. Common 
2. Often the only variation
3. Or maybe the “best” variation

“Dose-response effects” are:

1. Evidence for internal validity 
2. Of interest per se

What about continuous treatments?



What do you want to know?



Building Blocks: Levels

Canonical “causal effect” of treatment (𝐷) on unit 𝑖 in period 𝑡:

𝑌𝑖𝑡 1 − 𝑌𝑖𝑡 0

Average treatment effect on the treated in period 𝑡:

𝐸 𝑌𝑖𝑡 1 − 𝑌𝑖𝑡 0 |𝐷𝑖 = 1
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𝑌𝑖𝑡 1 − 𝑌𝑖𝑡 0

Average treatment effect on the treated in period 𝑡:

𝐸 𝑌𝑖𝑡 1 − 𝑌𝑖𝑡 0 |𝐷𝑖 = 1

But this one “treatment” could be anything, any dose, any 
intensity.



Building Blocks: Levels

Canonical “causal effect” of treatment (𝐷) on unit 𝑖 in period 𝑡:

𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0

Average treatment effect on the treated in period 𝑡:

𝐴𝑇𝑇 𝑑 𝑑 ≡ 𝐸 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0 |𝐷𝑖 = 𝑑

But this one “treatment” could be anything, any dose, any 
intensity.



“Treatment Effect” function: 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0

𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

The effect of aspirin dosage on my pain relief

𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

The effect of aspirin dosage on my pain relief

𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0

The effect of aspirin dosage on your pain relief

𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0

“Treatment Effect” function: 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

The effect of aspirin dosage on my pain relief

𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0

The effect of aspirin dosage on your pain relief

𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0

The effect of aspirin dosage on 
some other guy’s pain relief

𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0

“Treatment Effect” function: 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝑎

Suppose they all choose dose 𝑎

“Treatment Effect” function: 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝑎

Suppose they all choose dose 𝑎

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎

We have to average 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0
at the dose level (ATT)

“Treatment Effect” function: 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0



Average Treatment Effects on the Treated: 
ATT(d|d)

𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎

𝑎

𝑨𝑻𝑻(𝒂|𝒂)

𝐴𝑇𝑇(𝑏|𝑎)

𝑏

What is the effect of 3 aspirin on the 
headache of people who actually took 2?



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎

𝑎

𝑨𝑻𝑻(𝒂|𝒂)

𝐴𝑇𝑇(𝑏|𝑎)

𝑏

𝐴𝑇𝑇 𝑑 𝑏 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑏

𝑨𝑻𝑻(𝒃|𝒃)

𝐴𝑇𝑇(𝑎|𝑏)

What is the effect of 2 aspirin on the headache of people who actually took 3?

Average Treatment Effects on the Treated: 
ATT(d|d)



Building Blocks: Slopes
𝐴𝑇𝑇 𝑑 𝑑 ≡ 𝐸 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0 |𝐷𝑖 = 𝑑

The effect of one treatment level versus an “adjacent” 
treatment level:

No treatment is not the only counterfactual!



Building Blocks: Slopes
𝐴𝑇𝑇 𝑑 𝑑 ≡ 𝐸 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0 |𝐷𝑖 = 𝑑

The effect of one treatment level versus an “adjacent” 
treatment level:

No treatment is not the only counterfactual!



Building Blocks: Slopes
Discrete/multi-valued treatment:

𝐴𝐶𝑅𝑇 𝑑𝑗 𝑑𝑗 ≡ 𝐸 𝑌𝑖𝑡 𝑑𝑗 − 𝑌𝑖𝑡 𝑑𝑗−1 |𝐷𝑖 = 𝑑𝑗

Continuous treatment:

𝐴𝐶𝑅𝑇 𝑑 𝑑 ≡ |
𝜕𝐸 𝑌𝑖𝑡 𝑙 |𝐷𝑖𝑡 = 𝑑

𝜕𝑙
𝑙=𝑑

“the causal effect of the jth dose increment for unit i”

“for units that actually got 𝑑𝑗”



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑
𝑎 = 1 𝑏 = 2

𝑨𝑪𝑹𝑻(𝒃|𝒃)

𝐴𝐶𝑅𝑇(𝑏|𝑎)

𝑨𝑪𝑹𝑻(𝒂|𝒂)

𝐴𝐶𝑅𝑇 𝑎 𝑏

𝐴𝑇𝑇 𝑑 𝑏 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑏

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎

Average Causal Responses on the Treated, Discrete: 
𝑨𝑪𝑹𝑻(𝒅𝒋|𝒅𝒋)



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑
𝑎 = 1 𝑏 = 2

𝑨𝑪𝑹𝑻(𝒃|𝒃)

𝐴𝐶𝑅𝑇(𝑏|𝑎)

𝑨𝑪𝑹𝑻(𝒂|𝒂)

𝐴𝐶𝑅𝑇 𝑎 𝑏

𝐴𝑇𝑇 𝑑 𝑏 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑏

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎

Average Causal Responses on the Treated, Discrete: 
𝑨𝑪𝑹𝑻(𝒅𝒋|𝒅𝒋)

What is the effect of the 2nd aspirin on the headache of people who actually took 2?



𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑
𝑎 = 1 𝑏 = 2

𝑨𝑪𝑹𝑻(𝒃|𝒃)

𝐴𝐶𝑅𝑇(𝑏|𝑎)

𝑨𝑪𝑹𝑻(𝒂|𝒂)

𝐴𝐶𝑅𝑇 𝑎 𝑏

𝐴𝑇𝑇 𝑑 𝑏 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑏

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎

What is the effect of the 2nd aspirin on the headache of people who actually took 1?

Average Causal Responses on the Treated, Discrete: 
𝑨𝑪𝑹𝑻(𝒅𝒋|𝒅𝒋)



Building Blocks: ACRTs
Discrete/multi-valued treatment:

𝐴𝐶𝑅𝑇 𝑑𝑗 𝑑𝑗 ≡ 𝐸 𝑌𝑖𝑡 𝑑𝑗 − 𝑌𝑖𝑡 𝑑𝑗−1 |𝐷𝑖 = 𝑑𝑗

Continuous treatment:

𝐴𝐶𝑅𝑇 𝑑 𝑑 ≡ |
𝜕𝐸 𝑌𝑖𝑡 𝑙 |𝐷𝑖 = 𝑑

𝜕𝑙
𝑙=𝑑



Average Causal Responses on the Treated, Continuous: 
𝑨𝑪𝑹𝑻(𝒅|𝒅)

𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝑎 𝑏

𝑨𝑪𝑹𝑻(𝒃|𝒃)

𝐴𝐶𝑅𝑇(𝑏|𝑎)

𝑨𝑪𝑹𝑻(𝒂|𝒂)

𝐴𝐶𝑅𝑇(𝑎|𝑏)

𝐴𝑇𝑇 𝑑 𝑏 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑏

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎



Comment 1: This is a lot of causal parameters

ATT

ATU

Potential Treatment:

Treated

Untreated

Treated

Actual Treatment:

With 2x2 DiD (and 
no conditioning on 
X), there are…2 
average 
parameters



Potential Treatment:

Actual Treatment:

𝑑1 𝑑2 … 𝑑𝐽−1 𝑑𝐽𝑑3

𝑑1

𝑑2

⋮

𝑑𝐽−1

𝑨𝑻𝑻(𝒅𝟏|𝒅𝟏)

𝑑𝐽

𝑑3

𝐴𝑇𝑇(𝑑2|𝑑1) 𝐴𝑇𝑇(𝑑3|𝑑1) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑1) 𝐴𝑇𝑇(𝑑𝐽|𝑑1)

𝐴𝑇𝑇(𝑑1|𝑑2) 𝑨𝑻𝑻(𝒅𝟐|𝒅𝟐) 𝐴𝑇𝑇(𝑑3|𝑑2) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑2) 𝐴𝑇𝑇(𝑑𝐽|𝑑2)

𝐴𝑇𝑇(𝑑1|𝑑3) 𝐴𝑇𝑇(𝑑2|𝑑3) 𝑨𝑻𝑻(𝒅𝟑|𝒅𝟑) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑3) 𝐴𝑇𝑇(𝑑𝐽|𝑑3)

𝐴𝑇𝑇(𝑑1|𝑑𝐽−1) 𝐴𝑇𝑇(𝑑2|𝑑𝐽−1) 𝐴𝑇𝑇(𝑑3|𝑑𝐽−1) 𝑨𝑻𝑻(𝒅𝑱−𝟏|𝒅𝑱−𝟏)𝐴𝑇𝑇(𝑑𝐽|𝑑𝐽−1)

𝐴𝑇𝑇(𝑑1|𝑑𝐽) 𝐴𝑇𝑇(𝑑2|𝑑𝐽) 𝐴𝑇𝑇(𝑑3|𝑑𝐽) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑𝐽) 𝑨𝑻𝑻(𝒅𝑱|𝒅𝑱)

⋱

Comment 1: This is a lot of causal parameters



Potential Treatment:

Actual Treatment:

𝑑1 𝑑2 … 𝑑𝐽−1 𝑑𝐽𝑑3

𝑑1

𝑑2

⋮

𝑑𝐽−1

𝑨𝑻𝑻(𝒅𝟏|𝒅𝟏)

𝑑𝐽

𝑑3

𝐴𝑇𝑇(𝑑2|𝑑1) 𝐴𝑇𝑇(𝑑3|𝑑1) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑1) 𝐴𝑇𝑇(𝑑𝐽|𝑑1)

𝐴𝑇𝑇(𝑑1|𝑑2) 𝑨𝑻𝑻(𝒅𝟐|𝒅𝟐) 𝐴𝑇𝑇(𝑑3|𝑑2) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑2) 𝐴𝑇𝑇(𝑑𝐽|𝑑2)

𝐴𝑇𝑇(𝑑1|𝑑3) 𝐴𝑇𝑇(𝑑2|𝑑3) 𝑨𝑻𝑻(𝒅𝟑|𝒅𝟑) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑3) 𝐴𝑇𝑇(𝑑𝐽|𝑑3)

𝐴𝑇𝑇(𝑑1|𝑑𝐽−1) 𝐴𝑇𝑇(𝑑2|𝑑𝐽−1) 𝐴𝑇𝑇(𝑑3|𝑑𝐽−1) 𝑨𝑻𝑻(𝒅𝑱−𝟏|𝒅𝑱−𝟏)𝐴𝑇𝑇(𝑑𝐽|𝑑𝐽−1)

𝐴𝑇𝑇(𝑑1|𝑑𝐽) 𝐴𝑇𝑇(𝑑2|𝑑𝐽) 𝐴𝑇𝑇(𝑑3|𝑑𝐽) 𝐴𝑇𝑇(𝑑𝐽−1|𝑑𝐽) 𝑨𝑻𝑻(𝒅𝑱|𝒅𝑱)

𝑨𝑪𝑹𝑻(𝒅𝟐|𝒅𝟐) 𝐴𝐶𝑅𝑇(𝑑3|𝑑2) 𝐴𝐶𝑅𝑇(𝑑𝐽|𝑑2)

𝐴𝐶𝑅𝑇(𝑑2|𝑑3) 𝑨𝑪𝑹𝑻(𝒅𝟑|𝒅𝟑) 𝐴𝐶𝑅𝑇(𝑑𝐽|𝑑3)

𝐴𝐶𝑅𝑇(𝑑2|𝑑1) 𝐴𝐶𝑅𝑇(𝑑3|𝑑1) 𝐴𝐶𝑅𝑇(𝑑𝐽|𝑑1)

𝐴𝐶𝑅𝑇(𝑑2|𝑑𝐽−1) 𝐴𝐶𝑅𝑇(𝑑3|𝑑𝐽−1) 𝐴𝐶𝑅𝑇(𝑑𝐽|𝑑𝐽−1)

𝐴𝐶𝑅𝑇(𝑑2|𝑑𝐽) 𝐴𝐶𝑅𝑇(𝑑3|𝑑𝐽) 𝐴𝐶𝑅𝑇(𝑑𝐽|𝑑𝐽)

And if 𝐷 is 
continuous 
these are 
functions!⋱

Comment 1: This is a lot of causal parameters



Comment 2: The distinction matters!
𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝑨𝑪𝑹 𝒃 𝒃 = 𝑨𝑪𝑹 𝒃 < 𝟎

𝐴𝑇𝐸(𝑑)

𝑨𝑻𝑬 𝒃 > 𝟎

𝑏



What are you willing to believe?



Parallel Trends

For all 𝑑 ∈ 𝒟:

𝐸 𝑌𝑖𝑡 0 − 𝑌𝑖𝑡−1 0 = 𝐸 𝑌𝑖𝑡 0 − 𝑌𝑖𝑡−1 0 |𝐷𝑖 = 𝑑

Extension of binary parallel trends (when 𝐷 ∈ {0,1}).



Identifying ATT

𝐸 Δ𝑌𝑖𝑡|𝐷𝑖 = 𝑑 − 𝐸 Δ𝑌𝑖𝑡|𝐷𝑖 = 0  

= 𝐸 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡−1 0 |𝐷𝑖 = 𝑑 − 𝐸 𝑌𝑖𝑡 0 − 𝑌𝑖𝑡−1 0 |𝐷𝑖 = 0

      = 𝐸 𝑌𝑖𝑡 𝑑 − 𝑌𝑖𝑡 0 |𝐷𝑖 = 𝑑  

      = 𝑨𝑻𝑻 𝒅 𝒅  

This is just like traditional 2x2 DD

No Anticipation

PT



Identifying ACRT

𝐴𝑇𝑇 𝑑𝑗 𝑑𝑗 − 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗−1  

= 𝐴𝑇𝑇 𝑑𝑗 𝑑𝑗 − 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗 + 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗 − 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗−1

= 𝑨𝑪𝑹𝑻 𝒅𝒋 𝒅𝒋 + 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗 − 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗−1  

(No Ant. + PT)

Interpretable causal effect “Selection bias” (heterogeneous effects at 𝑑𝑗−1)

“Compare the effect of 𝑑𝑗 to the effect of 𝑑𝑗−1”



Identifying ACRT

𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝑎 = 1

𝑨𝑻𝑻(𝒂|𝒂)

𝑨𝑻𝑻(𝒃|𝒃)

𝑏 = 2

𝑨𝑪𝑹𝑻(𝒃|𝒃)

𝐴𝑇𝑇 𝑑 𝑏 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑏

𝐴𝑇𝑇 𝑑 𝑎 ≡ 𝐸 𝑌𝑡 𝑑 − 𝑌𝑡 0 |𝐷 = 𝑎
𝐴𝑇𝑇(𝑎|𝑏)

bias

This is the counterfactual we need

But this is the one we get from the lower-dose units



Strong Parallel Trends

PT + homogenous treatment effect functions:

𝐸 𝑌𝑖𝑡 0 − 𝑌𝑖𝑡−1 0 = 𝐸 𝑌𝑖𝑡 0 − 𝑌𝑖𝑡−1 0 |𝐷𝑖 = 𝑑  ∀ 𝑑

+ 

𝐴𝑇𝑇 𝑑 𝑑 = 𝐴𝑇𝑇 𝑑 𝑑′  ∀ 𝑑, 𝑑′

Groups don’t change differentially 
for non-treatment-related reasons

Nor would they have change for treatment
effect reasons had they gotten the lower dose



We (almost) never say this

*also Saez, Slemrod, Giertz 2012 JEL.



Identifying ACR under SPT: “same curve”

𝑌𝑡 𝑑 − 𝑌𝑡 0

𝑑

𝑎 = 1

𝑨𝑻𝑬(𝒂|𝒂)

𝑨𝑻𝑬(𝒃|𝒃)

𝑏 = 2

𝑨𝑪𝑹 (𝒃|𝒃)

𝑨𝑻𝑬(𝒅)

Good:
Identifies 𝐴𝐶𝑅(𝑑) and 𝐴𝑇𝐸(𝑑)

(…not 𝐴𝑇𝑇(𝑑|𝑑) and 𝐴𝐶𝑅𝑇(𝑑|𝑑)!)

Bad:

We were never willing to assume
SPT in binary designs—too strong!

inching closer to IV independence 
assumption/quasi-randomness



TWFE: 2 Periods



Acemoglu and Finkelstein (2008)
Medicare prospective payment system (PPS; 1984) lowered the relative 
price of capital moreso for hospitals with more Medicare patients. What 
happens to K/L?

𝑌𝑖𝑡 = 𝛼𝑖 + 𝛼𝑡 +  𝛽𝑇𝑊𝐹𝐸𝐷𝑖 × 𝑃𝑂𝑆𝑇𝑡 + 𝑢𝑖𝑡

𝐷𝑖 = pre-PPS Medicare share of inpatient days

1.13       it goes up!



Acemoglu and Finkelstein (2008)
Medicare prospective payment system (PPS; 1984) lowered the relative 
price of capital moreso for hospitals with more Medicare patients. What 
happens to K/L?

Δ𝑌𝑖𝑡 =  𝛽𝑇𝑊𝐹𝐸𝐷𝑖 + Δ𝑢𝑖𝑡

𝐷𝑖 = pre-PPS Medicare share of inpatient days

1.13



Acemoglu and Finkelstein (2008)

1.13



 𝜷𝑻𝑾𝑭𝑬 = 1.13

A simple scatter plot
Binscatter of Δ𝐾𝑖/𝐿𝑖 against 𝐷𝑖

How to interpret 
1.13?

1. ACR vs ATT?
2. Under PT vs SPT?
3. Aggregation?



 𝜷𝑻𝑾𝑭𝑬 = 1.13 (0.35)

A simple scatter plot

Yitzhaki (1996):

 𝛽𝑇𝑊𝐹𝐸 = weighted average 
 of adjacent slopes

𝐸 Δ𝑌𝑡 𝐷 = 𝑑𝑗 − 𝐸 Δ𝑌𝑡 𝐷 = 𝑑𝑗−1

𝑑𝑗 − 𝑑𝑗−1

“Wald DDs”



Two-way fixed effects, discrete (ACR)

 𝛽𝑇𝑊𝐹𝐸 = ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑐𝑟 𝑑𝑗

𝐸 Δ𝑌𝑡 𝐷 = 𝑑𝑗 − 𝐸 Δ𝑌𝑡 𝐷 = 𝑑𝑗−1

𝑑𝑗 − 𝑑𝑗−1

Where:

𝑤𝑎𝑐𝑟 𝑑𝑗 =
𝐸 𝐷|𝐷 > 𝑑𝑗 − 𝐸 𝐷 𝑃 𝐷 > 𝑑𝑗

𝑉(𝐷)

And 𝑤𝑎𝑐𝑟 𝑑𝑗 ≥ 0 and ∑𝑑𝑗∈𝒟+
𝑤𝑎𝑐𝑟 𝑑𝑗 = 1. Weights are non-negative and sum to one.

and that are 
hump-shaped 
and centered on 
E[D]



How should we interpret 1.13?*

1.13 = ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑐𝑟 𝑑𝑗 𝐴𝐶𝑅𝑇 𝑑𝑗 𝑑𝑗 + 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗 − 𝐴𝑇𝑇(𝑑𝑗−1|𝑑𝑗−1)

= ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑐𝑟 𝑑𝑗 𝐴𝐶𝑅𝑇 𝑑𝑗 𝑑𝑗 + ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑐𝑟 𝑑𝑗 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗 − 𝐴𝑇𝑇(𝑑𝑗−1|𝑑𝑗−1)

*Under PT and in terms of ACRT parameters.



How should we interpret 1.13?*

1.13 = ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑐𝑟 𝑑𝑗 𝐴𝐶𝑅𝑇 𝑑𝑗 𝑑𝑗 + 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗 − 𝐴𝑇𝑇(𝑑𝑗−1|𝑑𝑗−1)

= ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑐𝑟 𝑑𝑗 𝐴𝐶𝑅𝑇 𝑑𝑗 𝑑𝑗 + ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑐𝑟 𝑑𝑗 𝐴𝑇𝑇 𝑑𝑗−1 𝑑𝑗 − 𝐴𝑇𝑇(𝑑𝑗−1|𝑑𝑗−1)

Problem 1:

combines a “weakly” causal parameter with treatment effect 
heterogeneity.

*Under PT and in terms of ACRT parameters.



Without SPT, each  𝑨𝑪𝑹𝑻(𝒅|𝒅) is biased 



With SPT, 𝒘𝒂𝒄𝒓 𝑑𝑗 -weighted average of ACR(d)

These are all ACRs 
and there is a real 
hump-shape 
response…

(which is not 
consistent with the 2-
factor production 
theory!)

This is the ATE(d) function  𝜷𝑻𝑾𝑭𝑬 = 1.13 (0.35)



Too much weight down here 
(where slopes are steep!)

Not enough weight up here 
(where slopes are flat!)

If we just change the 
weighting, the summary 
ACR parameter falls to 0.8!



OLS = 1.13 (0.35)

The simple scatter plot again
Binscatter of Δ𝐾𝑖/𝐿𝑖 against 𝐷𝑖

𝑌𝑡 0 − 𝑌𝑡−1 0

𝑨𝑻𝑻(𝟎. 𝟎𝟔|𝟎. 𝟎𝟔) 𝑨𝑻𝑻(𝟎. 𝟒|𝟎. 𝟒) 𝑨𝑻𝑻(𝟎. 𝟕𝟐|𝟎. 𝟕𝟐)

Does OLS have a 
sensible interpretation 
under PT in terms of 
𝑨𝑻𝑻(𝒅|𝒅)s?



Two-way fixed effects, discrete (ATT)

 𝛽𝑇𝑊𝐹𝐸 = ∑

𝑑𝑗∈𝒟+

𝑤𝑎𝑡𝑡 𝑑𝑗 𝐸 Δ𝑌𝑡 𝐷 = 𝑑𝑗 − 𝐸 Δ𝑌𝑡 𝐷 = 0

Where:

𝑤𝑎𝑡𝑡 𝑑𝑗 =
𝑑𝑗 − 𝐸 𝐷 𝑃 𝐷 = 𝑑𝑗

𝑉(𝐷)

And 𝑤𝑎𝑡𝑡 𝑑𝑗 > 0 𝑖𝑓 𝑑𝑗 > 𝐸[𝐷} and ∑𝑑𝑗∈𝒟+
𝑤𝑎𝑡𝑡 𝑑𝑗 = 0.

Weights are 
negative for below 
average doses 
and sum to zero.

Equal zero at E[D],
Over-weight extreme doses



Negative weights down here.

Much more weight on high 
doses relative to their share.



TWFE binarizes and rescales

1.13 =
𝐸 𝑤1

𝑏𝑖𝑛 𝐷 Δ𝑌|𝐷 > 𝐸[𝐷] − 𝐸 𝑤0
𝑏𝑖𝑛 𝐷 Δ𝑌|𝐷 < 𝐸[𝐷]

𝐸 𝑤0
𝑏𝑖𝑛 𝐷 𝐷|𝐷 > 𝐸[𝐷] − 𝐸 𝑤0

𝑏𝑖𝑛 𝐷 𝐷|𝐷 < 𝐸[𝐷]

Where:

𝑤1
𝑏𝑖𝑛(𝑑) ≡

𝑑 − 𝐸 𝐷

𝐸 𝐷 − 𝐸[𝐷] |𝐷 > 𝐸[𝐷]

𝑤0
𝑏𝑖𝑛 𝑑 ≡

𝑑 − 𝐸 𝐷

𝐸 𝐷 − 𝐸[𝐷] |𝐷 < 𝐸[𝐷]

And 𝐸 𝑤1
𝑏𝑖𝑛(𝑑)|𝐷 > 𝐸[𝐷] = 𝐸 𝑤0

𝑏𝑖𝑛(𝑑)|𝐷 < 𝐸[𝐷]

Weights by dose size

Below-mean 
dose control 
group

Scales by a dose difference (producing a slope)



Negative weights in ATT interpretation
Binscatter of Δ𝐾𝑖/𝐿𝑖 against 𝐷𝑖

𝐸 𝐷 = 0.38

Even this is 
basically an 

ACR 
estimator!



Non-Parametric Estimation

(No way around the assumptions, but good methods for 
estimating functions and aggregating them)



A quick recap

1. Lots of raw info: this scatter plot 
represents many 2x2 ATT(d|d) 
estimators and ACRT(d) estimators

2. Causal identification: 
PTATT(d|d), SPTACR(d)

3. Estimation failure: OLS weights 
behave strangely, no matter how you 
look at it. 𝑨𝑻𝑻(𝟎. 𝟒|𝟎. 𝟒)

 𝑨𝑪𝑹𝑻(𝟎. 𝟏𝟓|𝟎. 𝟏𝟓)

This is just your data. Can’t 
do anything about that!

This is a theoretical thing. 
You believe it or not!

OK, so summarizing the cloud 
with the best-fitting line isn’t 
great, what to do instead?



Summarize the cloud nonparametrically

Make the cloud:



Summarize the cloud nonparametrically

Canned NP method:

Making the splines by hand (boring and error prone):



Summarize the cloud nonparametrically

Canned NP method:

Making the splines by hand (boring and error prone):



Summarize the cloud nonparametrically

They all show the same thing 
(hump-shaped relationship) with 
some noise at the endpoint

One issue with NP methods is 
picking parameters (how many 
knots? What polynomial order? 
What kernel?)

So…



Non-Parametric Estimates of 𝑨𝑻𝑻(𝒅|𝒅) for Medicare PPS

“Adaptive Estimation and Uniform Confidence Bands for Nonparametric Structural Functions and Elasticities” Chen, Christensen, Kankanala (2021)

This just summarizes the scatter plot!

Estimates the 𝐴𝑇𝑇(𝑑|𝑑) function under PT.



Use a binary variable 1{𝐷𝑖 > 0} and do a 2XT event-study:

This naturally aggregates using 𝑓𝐷>0 𝑑 !

Aggregating: Event-Study Estimates of 𝑨𝑻𝑻𝒕
∗ for Medicare 

PPS



Non-Parametric Estimates of 𝑨𝑪𝑹(𝒅) for Medicare PPS

“Adaptive Estimation and Uniform Confidence Bands for Nonparametric Structural Functions and Elasticities” Chen, Christensen, Kankanala (2021)

This just summarizes the derivative of the scatter plot!

Estimates the 𝐴𝐶𝑅(𝑑) function under SPT.

Aggregation: you do it using 𝑓𝐷>0 𝑑 . 

Here that yields a small negative number. 

(Under certain assumptions, ACR* is informative about 
the elasticity of substitution, which must be positive!) 



Aggregating: Event-Study Estimates of 𝑨𝑪𝑹𝒕
∗ for Medicare PPS



What can be a “treatment”?

Policy maps 
Mprices

Subsidy ratio is 
manipulable 
(sensible as a 
“treatment”)

M is fixed: 
“Characteristic” 
not a 
“treatment” 
(Holland 1986)

Shorthand in terms of M
Causal effects of subsidies
not M per se



Staggered and Continuous Treatments



What does fracking do for local economies?

*Bartik, Currie, Greenstone, Knittel (2019)

“Shale plays”: geologic formations with natural gas (maybe) embedded in the rock
Prospecitvity/suitability: ease with which that gas can be extracted. 



Staggered/Continuous DiD and choices 

Continuous dose 𝐷𝑖 begins at time 𝐺𝑖 (multiple periods 𝑇 > 2):

 a huge number of parameters! 

  𝐸 𝑌𝑡 𝑔, 𝑑 − 𝑌𝑡 ∞, 0 𝐺 = 𝑔, 𝐷 = 𝑑 ≡ 𝐴𝑇𝑇(𝑔, 𝑑, 𝑡|𝑔, 𝑑)

  “The average effect  in period t of having “d” suitability starting

  in period g versus no-fracking”

  |
𝜕𝐸 𝑌𝑡 𝑔, 𝑙 𝐺 = 𝑔, 𝐷 = 𝑑

𝜕𝑙 𝑙=𝑑
 ≡ 𝐴𝐶𝑅𝑇(𝑔, 𝑑, 𝑡|𝑔, 𝑑)

  “The average effect in period t of ‘d’ suitability vs ‘d-1’ starting 

  in period g?”

A functional parameter
for every 𝐺 
and every 𝑡! 



Estimation choices
Brute force approach: 

 Non-parametrically estimate 𝐴𝑇𝑇 𝑔, 𝑑, 𝑡 𝑔, 𝑑  (under PT) or 

𝐴𝑇𝐸(𝑔, 𝑑, 𝑡|𝑔) and 𝐴𝐶𝑅(𝑔, 𝑑, 𝑡|𝑔) (under Strong PT) then average.

Note 1: What comparison group to use to get E Yt ∞,0 G = g, D = d ?

 𝐷 = 0 and 𝐺 = 𝑔? All 𝐷 = 0? 𝐷 = 𝑑 and 𝐺 > 𝑡? All 𝐺 > 𝑡? 

Note 2: Small groups. 

 NP estimators won’t perform when 𝑛𝑔 is small.

Note 3: Calculating the weights.

 Requires objects like 𝑃(𝐺 = 𝑔|𝐷 = 𝑑) which may not be well-behaved 

 (0 or 1) or require additional NP estimation.

This is basically how 
binary staggered 
estimators work

Choice about PT 
and estimator

Practical limits on 
the choices you can 
make



Aggregation choices
Brute force output:  𝐴𝑇𝑇 𝑔, 𝑑, 𝑡 𝑔, 𝑑 ,  𝐴𝑇𝐸(𝑔, 𝑑, 𝑡|𝑔) or  𝐴𝐶𝑅(𝑔, 𝑑, 𝑡|𝑔) 

There is no “right” aggregation; you choose:

Dynamic Q: “How do the average effects of fracking evolve over time? (Does the boom persist?)“

Balanced dynamic parameter(s): 𝐴𝑇𝑇∗ 𝑒 ≡ ∑𝑔 𝑃(𝐺 = 𝑔|𝐷 > 0)𝐴𝑇𝑇∗ 𝑔, 𝑔 + 𝑒 𝑔

Dose-response Q: Does fracking matter most where the best drilling happens?

Dose-response parameter(s): 𝐴𝑇𝑇∗ 𝑑|𝑑 ≡ ∑𝑔 𝑃(𝐺 = 𝑔|𝐷 > 0)𝐴𝑇𝑇∗ 𝑔, 𝑑 𝑔, 𝑑

1. Average across dose distribution for each 𝑔: 

𝐴𝑇𝑇∗ 𝑔, 𝑔 + 𝑒 𝑔 ≡ 𝐸[𝐴𝑇𝑇 𝑔, 𝑑, 𝑔 + 𝑒 𝑔, 𝑑 |𝐺 = 𝑔]

2. Then average across 𝑔 (note event-
time balance and weights)



 𝐴𝑇𝑇∗ 𝑒



Aggregation choices
Brute force output:  𝐴𝑇𝑇 𝑔, 𝑑, 𝑡 𝑔, 𝑑 ,  𝐴𝑇𝐸(𝑔, 𝑑, 𝑡|𝑔) or  𝐴𝐶𝑅(𝑔, 𝑑, 𝑡|𝑔) 

There is no “right” aggregation; you choose:

Dynamic Q: “How do the average effects of fracking evolve over time? (Does the boom persist?)” 

Balanced dynamic parameter(s): 𝐴𝑇𝑇∗ 𝑒 ≡ ∑𝑔 𝑃(𝐺 = 𝑔|𝐷 > 0)𝐴𝑇𝑇∗ 𝑔, 𝑔 + 𝑒 𝑔

Dose-response Q: “Does fracking matter most where the best drilling happens?”

Dose-response parameter(s): 𝐴𝑇𝑇∗ 𝑑|𝑑 ≡ ∑𝑔 𝑃(𝐺 = 𝑔|𝐷 > 0)𝐴𝑇𝑇∗ 𝑔, 𝑑 𝑔, 𝑑

1. Average over “some” post-periods for each 𝑔: 𝐴𝑇𝑇∗ 𝑔, 𝑑 𝑔, 𝑑 ≡ ∑𝑡=𝑔
𝑇 𝐴𝑇𝑇 𝑔, 𝑑, 𝑡 𝑔, 𝑑

𝑇−(𝑔−1)

2. Then average 
across 𝑔 



 𝐴𝑇𝑇∗ 𝑑|𝑑



Intermediate aggregation choices
Dynamic dose-response Q: “How do the average effects of fracking evolve over time 

for ‘high’ and ‘low’ suitability areas?” 

Full dynamic/partial dose-response parameter(s): 

𝐴𝑇𝑇∗ 𝑒, ℎ ≡ ∑

𝑔

𝑃(𝐺 = 𝑔|𝐷 ∈ ℎ)𝐸[𝐴𝑇𝑇 𝑔, 𝑑, 𝑔 + 𝑒 𝑔, 𝑑 |𝐺 = 𝑔, 𝐷 > ℎ] 

𝐴𝑇𝑇∗ 𝑒, 𝑙  ≡ ∑

𝑔

𝑃(𝐺 = 𝑔|𝐷 ∈ 𝑙)𝐸[𝐴𝑇𝑇 𝑔, 𝑑, 𝑔 + 𝑒 𝑔, 𝑑 |𝐺 = 𝑔, 𝐷 ≤ ℎ]

Just aggregate over part 
of the dose distribution



 𝐴𝑇𝑇∗ ℎ, 𝑒  and  𝐴𝑇𝑇∗ 𝑙, 𝑒

 𝐴𝑇𝑇∗ 𝑙, 𝑒

Above-median 
treated dose

Below-median 
treated dose



Intermediate aggregation choices
Dynamic dose-response Q: “Does fracking matter most where the best drilling 

happens in the shorter-run vs the longer-run?”

Partially dynamic/full dose-response parameter(s):

𝐴𝑇𝑇∗ 𝑑, 𝑆𝑅|𝑑 ≡ ∑

𝑔

𝑃 𝐺 = 𝑔 𝐷 > 0 ∑

𝑡=𝑔

𝑔+𝑆𝑅
𝐴𝑇𝑇 𝑔, 𝑑, 𝑡 𝑔, 𝑑

#{𝑆𝑅}

𝐴𝑇𝑇∗ 𝑑, 𝐿𝑅|𝑑 ≡ ∑

𝑔

𝑃(𝐺 = 𝑔|𝐷 > 0) ∑

𝑡=𝑔+𝑆𝑅+1

𝑔+𝐿𝑅
𝐴𝑇𝑇 𝑔, 𝑑, 𝑡 𝑔, 𝑑

#{𝐿𝑅}

Average over parts of the 
post-period (SR and LR)



 𝐴𝑇𝑇∗ 𝑑, 𝑆𝑅|𝑑  and  𝐴𝑇𝑇∗ 𝑑, 𝐿𝑅|𝑑

3-4 years after fracking

0-2 years after fracking



Aggregation choices affect estimation choices

𝐴𝑇𝑇∗ ℎ, 𝑒 ≡ ∑

𝑔

𝑃 𝐺 = 𝑔 𝐷 > ℎ 𝐸 𝐴𝑇𝑇 𝑔, 𝑑, 𝑔 + 𝑒 𝑔, 𝑑 𝐺 = 𝑔, 𝐷 > ℎ  

= ∑

𝑔

𝑃 𝐺 = 𝑔 𝐷 > ℎ ∫
𝑥=ℎ

∞

𝐸[𝑌𝑔+𝑒 − 𝑌𝑔−1|𝐺 = 𝑔, 𝐷 = 𝑥]−𝐸 𝑌𝑔+𝑒 − 𝑌𝑔−1 𝐺 ∈ 𝒢𝑐𝑜𝑚𝑝, 𝐷 ∈ 𝒟𝑐𝑜𝑚𝑝 𝑓𝐷>ℎ|𝑔 𝑥 𝑑𝑥

= ∑

𝑔

𝑃 𝐺 = 𝑔 𝐷 > ℎ ∫
𝑥=ℎ

∞

𝐸[𝑌𝑔+𝑒 − 𝑌𝑔−1|𝐺 = 𝑔, 𝐷 = 𝑥]𝑓𝐷>ℎ|𝑔 𝑥 𝑑𝑥 − 𝐸 𝑌𝑔+𝑒 − 𝑌𝑔−1 𝐺 ∈ 𝒢𝑐𝑜𝑚𝑝, 𝐷 ∈ 𝒟𝑐𝑜𝑚𝑝

= ∑

𝑔

𝑃 𝐺 = 𝑔 𝐷 > ℎ 𝐸[𝑌𝑔+𝑒 − 𝑌𝑔−1|𝐺 = 𝑔, 𝐷 > ℎ] − 𝐸 𝑌𝑔+𝑒 − 𝑌𝑔−1 𝐺 ∈ 𝒢𝑐𝑜𝑚𝑝, 𝐷 ∈ 𝒟𝑐𝑜𝑚𝑝

This is a binary DiD estimand for group g using 𝐷 > ℎ as the treatment group. 

Can estimate with any binary DiD tool; no need for brute force NP estimation!



𝐴𝑇𝑇∗ 𝑑, 𝐸|𝑑

≡ ∑

𝑔

𝑃 𝐺 = 𝑔 𝐷 > 0 ∑

𝑡=𝑔

𝑔+𝐸
𝐸[𝑌𝑡 − 𝑌𝑔−1|𝐺 = 𝑔, 𝐷 = 𝑑]−𝐸 𝑌𝑡 − 𝑌𝑔−1 𝐺 ∈ 𝒢𝑐𝑜𝑚𝑝, 𝐷 ∈ 𝒟𝑐𝑜𝑚𝑝

𝐸 + 1

≡ ∑

𝑔

𝑃 𝐺 = 𝑔 𝐷 > 0 𝐸[𝑌̅𝑡
𝐸 − 𝑌𝑔−1|𝐺 = 𝑔, 𝐷 = 𝑑]−𝐸 𝑌̅𝑡

𝐸 − 𝑌𝑔−1 𝐺 ∈ 𝒢𝑐𝑜𝑚𝑝, 𝐷 ∈ 𝒟𝑐𝑜𝑚𝑝

This is a single ATT(d|d) estimand for outcomes averaged between 𝑔 and 𝑔 + 𝐸. Can estimate with a 

single NP procedure (CGBS 2024)!

Aggregation choices affect estimation choices



The role of choices in complex DiD designs

The design largely defines the “building blocks”, perhaps many.

The building blocks largely define the assumptions, which yield 
estimators.

Researchers questions drive aggregation choices.

Those aggregation choices can feedback and simplify estimation 
choices.



New Developments in Difference-in-
Differences: Extras + Extensions

Andrew Goodman-Bacon

IIPF, 2026



Today: a smorgasbord of additional DiD details

1. Starting from a non-zero dose (dcDH et al 2025)

2. Aggregated binary treatments; Fuzzy DiD (dcDH 2018)

3. Complicated treatment paths (dcDH 2024)

4. IV-DiD (Miyaji 2025)

5. Turn off designs (Kim)

6. Changes-in-changes (Athey and Imbens 2014)

7. Selection and PT (Ghanem, Sant’Anna, and Wuthrich 2024)

8. Robustness (Rambachan and Roth 2022)



Starting from a non-zero dose

Set up: 𝑡 = {1,2}, 

treatment: 𝐷𝑖1, 𝐷𝑖2 = (𝑑1, 𝑑2), neither of which is zero

Target parameter:

𝐴𝐶𝑅 𝑑1, 𝑑2 𝑑1, 𝑑2 ≡ 𝐸 𝑌𝑖2 𝑑2 − 𝑌𝑖2 𝑑1 |𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2

Identifying assumption:

∀ 𝑑1 𝐸 Δ𝑌 𝑑1 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝐸 Δ𝑌 𝑑1 𝐷𝑖1 = 𝑑1



What does PT in a treated PO mean?

Equal change in “𝑑1” outcomes for changers and switchers who start at 𝑑1:

𝐸 𝑌2 𝑑1 − 𝑌1(𝑑1) 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2
= 𝐸 𝑌2 𝑑1 − 𝑌1(𝑑1) 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑1



What does PT in a treated PO mean?

Equal change in “𝑑1” outcomes for changers and switchers who start at 𝑑1:

𝐸 𝑌2 𝑑1 − 𝑌2 0 + 𝑌2 0 − 𝑌1 𝑑1 + 𝑌1 0 − 𝑌1 0 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2
= 𝐸 𝑌2 𝑑1 − 𝑌2 0 + 𝑌2 0 − 𝑌1 𝑑1 + 𝑌1 0 − 𝑌1 0 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑1

Level effect of 𝑑1 in period 2 Level effect of 𝑑1 in period 2

Level effect of 𝑑1 in period 2 Level effect of 𝑑1 in period 2



What does PT in a treated PO mean?

Equal change in “𝑑1” outcomes for changers and switchers who start at 𝑑1:

𝐸 𝑌2 𝑑1 − 𝑌2 0 + 𝑌2 0 − 𝑌1 𝑑1 + 𝑌1 0 − 𝑌1 0 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2
= 𝐸 𝑌2 𝑑1 − 𝑌2 0 + 𝑌2 0 − 𝑌1 𝑑1 + 𝑌1 0 − 𝑌1 0 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑1

Level effect of 𝑑1 in period 2 Level effect of 𝑑1 in period 2

Level effect of 𝑑1 in period 2 Level effect of 𝑑1 in period 2

Traditional parallel trends!



What does PT in a treated PO mean?

Equal change in “𝑑1” outcomes for changers and switchers who start at 𝑑1:

𝐸 𝑌2 𝑑1 − 𝑌1(𝑑1) 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2
= 𝐸 𝑌2 𝑑1 − 𝑌1(𝑑1) 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑1

Therefore equivalent to:

Δ𝐴𝑇𝑇 𝑑1 𝑑1, 𝑑2 − Δ𝐴𝑇𝑇 𝑑1 𝑑1, 𝑑1
=  𝐸 𝑌2 0 − 𝑌1 0 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2 − 𝐸 𝑌2 0 − 𝑌1(0) 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑1

Dynamic effects of 𝑑1 for the (𝑑1, 𝑑2) group Dynamic effects of 𝑑1 for the (𝑑1, 𝑑1) group

Parallel trends!



What will the estimand be?

Target parameter:

𝐴𝐶𝑅 𝑑1, 𝑑2 𝑑1, 𝑑2 ≡ 𝐸 𝑌𝑖2 𝑑2 − 𝑌𝑖2 𝑑1 |𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2

Identifying assumption:

∀ 𝑑1 𝐸 Δ𝑌 𝑑1 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 =  𝐸 Δ𝑌 𝑑1 𝐷𝑖1 = 𝑑1

Estimand?
𝐸 Δ𝑌 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2 −  𝐸 Δ𝑌 𝐷𝑖1 = 𝐷𝑖2 = 𝑑1



Illustration
𝑌

𝐸[𝑌1(𝑑1)|𝐷𝑖1 = 𝐷𝑖2 = 𝑑1]

𝐸[𝑌2(𝑑1)|𝐷𝑖1 = 𝐷𝑖2 = 𝑑1]

𝐸[𝑌1(𝑑1)|𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2]

𝐸[𝑌2(𝑑2)|𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2]

𝐸 𝑌2 𝑑1 𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2 ? What determines where 𝑌2 𝑑1  would 
have been for treated units?

1. Untreated trends

2. Treatment effect dynamics

What is the distinction with SPT in the 
case with 𝐷𝑖1 = 0?



Comparing to other stayers?

Set up: 𝐷𝑖1, 𝐷𝑖2 = (𝑑1, 𝑑2), neither of which is zero

Target parameter:

𝐴𝐶𝑅 𝑑1, 𝑑2 𝑑1, 𝑑2 ≡ 𝐸 𝑌𝑖2 𝑑2 − 𝑌𝑖2 𝑑1 |𝐷𝑖1 = 𝑑1, 𝐷𝑖2 = 𝑑2

Identifying assumption(s):

∀ 𝑑1 𝐸 Δ𝑌 𝑑1 𝐷𝑖1 = 𝑑1 =  𝐸 Δ𝑌 𝑑1

∀ 𝑑1, 𝑑2 𝐸 Δ𝑌 𝑑1 = 𝐸 Δ𝑌 𝑑2



What do these PT assumptions mean?

Identifying assumption(s):

∀ 𝑑1 𝐸 Δ𝑌 𝑑1 𝐷𝑖1 = 𝑑1 =  𝐸 Δ𝑌 𝑑1

∀ 𝑑1, 𝑑2 𝐸 Δ𝑌 𝑑1 = 𝐸 Δ𝑌 𝑑2

Everyone’s PO trend at 𝑑1 is the same
(but we don’t see anyone but the 𝑑1 stayers at 𝑑1)

So…we also need everyone’s PO trend at every dose is the same.

“To compare a 25 switcher to a 3 stayer, 𝐸 Δ𝑌 2  and 𝐸 Δ𝑌 3  should be equal”

So all potential outcome trends must be the same! 



Today: a smorgasbord of additional DiD details

1. Starting from a non-zero dose (dCDH et al 2025) (same dynamics across groups)

2. Complicated treatment paths (dcDH 2024)

3. Turn off designs (Kim)

4. Changes-in-changes (Athey and Imbens 2014)

5. Selection and PT (Ghanem, Sant’Anna, and Wuthrich 2024)

6. Robustness (Rambachan and Roth 2022)



Complicated treatment paths

Set up: 𝑫𝒊 = 𝑑𝑖1, 𝑑𝑖2, … , 𝑑𝑖𝑇 , 𝑌𝑖 𝑫𝒊 = 𝑌𝑖 𝑑𝑖1, 𝑑𝑖2, … , 𝑑𝑖𝑇

               (Robins 1986)

  𝐺𝑖 = min{𝑡: 𝑡 ≥ 2 𝑠. 𝑡.  𝑑𝑖𝑡 ≠ 𝑑𝑖𝑡−1}        First treatment change

Target parameter 1:

𝐴𝑇𝑇(𝑫𝒊, 𝑡) ≡ 𝐸 𝑌𝑖𝑡 𝑑𝑖1, … , 𝑑𝑖𝑡 − 𝑌𝑖𝑡 𝑑𝑖1, … , 𝑑𝑖1 |𝑫𝒊

Identifying assumption:

For 𝑫𝒊𝟏 = 𝑫𝒊𝟏
′ = 𝑑1

 
𝐸 Δ𝑌 𝑑1, … , 𝑑1 𝑫𝒊 =  𝐸 Δ𝑌 𝑑1, … , 𝑑1 𝑫𝒊

′

Treatment path up to t Status quo treatment path up to t

The group whose path really is D



Notation break,
Bailey and Goodman-Bacon: grants for Community Health Centers

𝐷𝑖 for Alameda County, CA

𝐷𝑖 = 0 for Riverside County, CA

𝐷𝑖 for San Diego County, CA
Baseline value is zero,

Different 𝐺𝑖s and 
different paths

These are different 
“groups”

𝐴𝑇𝑇(𝑫𝒊, 𝑡) ≡ 𝐸 𝑌𝑖𝑡 0, … , 𝑑𝑖𝑡 − 𝑌𝑖𝑡 0 |𝑫𝒊



Notation break,
Bailey and Goodman-Bacon: grants for Community Health Centers

𝐷𝑖 for San Bernardino County, CA

𝐷𝑖 = 0 for Riverside County, CA

𝐷𝑖 for San Diego County, CA
Baseline value is zero,

Same 𝐺𝑖s and different 
paths

These are different 
“groups” despite 
starting at the same 
time

𝐴𝑇𝑇(𝑫𝒊, 𝑡) ≡ 𝐸 𝑌𝑖𝑡 0, … , 𝑑𝑖𝑡 − 𝑌𝑖𝑡 0 |𝑫𝒊



Complicated treatment paths

Target parameter 1:

𝐴𝑇𝑇(𝑫𝒊, 𝑡) ≡ 𝐸 𝑌𝑖𝑡 𝑑𝑖1, … , 𝑑𝑖𝑡 − 𝑌𝑖𝑡 𝑑𝑖1, … , 𝑑𝑖1 |𝑫𝒊

Identifying assumption:

For 𝑫𝒊𝟏 = 𝑫𝒊𝟏
′ = 𝑑1

 
𝐸 Δ𝑌 𝑑1, … , 𝑑1 𝑫𝒊 =  𝐸 Δ𝑌 𝑑1, … , 𝑑1 𝑫𝒊

′

Estimand?
𝐸 𝑌𝑖𝑡 − 𝑌𝑖𝑔−1 𝑫𝒊 − 𝐸 𝑌𝑖𝑡 − 𝑌𝑖𝑔−1 𝑫𝒊 = 𝑑1, … , 𝑑1

Change in mean outcomes for specific treatment path, starting at 𝑑1

Change in mean outcomes for units who start at 𝑑1 and stay there until t



How it incorporates dynamic effects

Effect up to t sums lagged effects:

𝐸 𝑌𝑖3 0,1,2 − 𝑌𝑖3 0,0,0 |𝑫𝒊 = (0,1,2) =

𝐸 𝑌𝑖3 0,1,2 − 𝑌𝑖3 0,1,0 |𝑫𝒊 = (0,1,2) + 𝐸 𝑌𝑖3 0,1,0 − 𝑌𝑖3 0,0,0 |𝑫𝒊 = (0,1,2)

The effect of the whole path  0,1,2  vs 0,0,0

is the effect of adding the most recent 

change conditional on the past path,  0,1,2  vs 0,1,0   

plus the effect of the first change alone 0,1,0  vs 0,0,0



How it incorporates dynamic effects

Scaled Effect up to t averages lagged effects weighted by Δd :

𝐴𝑇𝑇( 0,1,2 , 3)

3
=

𝐸 𝑌𝑖3 0,1,2 − 𝑌𝑖3 0,0,0 |𝑫𝒊 = (0,1,2)

3
=

2

3

𝐸 𝑌𝑖3 0,1,2 − 𝑌𝑖3 0,1,0 |𝑫𝒊 = (0,1,2)

2
+

1

3

𝐸 𝑌𝑖3 0,1,0 − 𝑌𝑖3 0,0,0 |𝑫𝒊 = (0,1,2)

1

Dose size matters, too, for scaled parameters.



Aggregates by group: binarize and staggerize

Target parameter 2: Average effect at time t of starting with dose 
𝑑1 and first switching in time g

 **kind of like an intention to treat

Identifying assumption: same

Estimand?
𝐸 𝑌𝑖𝑡 − 𝑌𝑖𝑔−1 𝐺𝑖 = 𝑔, 𝐷𝑖1 = 𝑑1 − 𝐸 𝑌𝑖𝑡 − 𝑌𝑖𝑔−1 𝐺𝑖 > 𝑡, 𝐷𝑖1 = 𝑑1

Use timing of first change

Conditional on initial dose

This is exactly CS’ conditional 
estimator with the period 1 
dose as the covariate



Scaling the group-time-effects

Target parameter 3: An average slope type parameter. ATT per 
dose unit.

Identifying assumption: same

Estimand?
𝐸 𝑌𝑖𝑡 − 𝑌𝑖𝑔−1 𝐺𝑖 = 𝑔, 𝐷𝑖1 = 𝑑1 − 𝐸 𝑌𝑖𝑡 − 𝑌𝑖𝑔−1 𝐺𝑖 > 𝑡, 𝐷𝑖1 = 𝑑1

𝐸 ∑𝜏=𝑔
𝑡 𝐷𝑖𝜏 |𝐺𝑖 = 𝑔, 𝐷𝑖1 = 𝑑1 − 𝑡 − 𝑔 + 1 𝑑1

Average cumulative treatment in group g, minus cumulative treatment between g-1 and t had they stayed at their initial value

This is CS again, but using cumulative value of D as the outcome



Two notions of weighted averages 

Scaled Effect in “binarized” groups (size p gets a 3 unit change, size (1-
p) gets a 4 units change; mean change is 3𝑝 + 4(1 − 𝑝)):

Average “binarized” effect scaled by mean cumulative dose size:

𝐴𝑇𝑇 𝑔, 𝑡 = 𝑝
𝐴𝑇𝑇((0,1,2), 3)

3𝑝 + 4(1 − 𝑝)
+ (1 − 𝑝)

𝐴𝑇𝑇((0,2,2), 3)

3𝑝 + 4(1 − 𝑝)
=

3𝑝

3𝑝 + 4(1 − 𝑝)

𝐴𝑇𝑇((0,1,2), 3)

3
+

4(1 − 𝑝)

3𝑝 + 4(1 − 𝑝)

𝐴𝑇𝑇((0,2,2), 3)

4

For many g, you’d do this across the g as well.



In practice (kind of)
Bailey and Goodman-Bacon

*Not cumulative



Today: a smorgasbord of additional DiD details

1. Starting from a non-zero dose (dCDH et al 2025) (same dynamics across groups)

2. Complicated treatment paths (dcDH 2024) (binarize, staggerize, scale by change in D)

3. Turn off designs (Kim and Lee)

4. Changes-in-changes (Athey and Imbens 2014)

5. Selection and PT (Ghanem, Sant’Anna, and Wuthrich 2024)

6. Robustness (Rambachan and Roth 2022)



Turn off designs
Set up: never treated: 𝑫𝒊 = 0,0  

  always treated: 𝑫𝒊 = 1,1

  turn off:  𝑫𝒊 = 1,0  

Target parameter 1:

𝐴𝑇𝑇(1) ≡ 𝐸 𝑌𝑖1 1 − 𝑌𝑖1 0 |𝑫𝒊 = (1,0)

Identifying assumption(s):

 

PT:  𝐸 Δ𝑌 0,0 𝑫𝒊 = (1,0) =  𝐸 Δ𝑌 0,0 𝑫𝒊 = (0,0)

No carryover : 𝑌2 1,0 = 𝑌2(0,0)



Turn off designs
Target parameter 1:

𝐴𝑇𝑇(1) ≡ 𝐸 𝑌𝑖1 1 − 𝑌𝑖1 0 |𝑫𝒊 = (1,0)

Identifying assumption:

 

PT:  𝐸 Δ𝑌 0,0 𝑫𝒊 = (1,0) =  𝐸 Δ𝑌 0,0 𝑫𝒊 = (0,0)

No carryover : 𝑌2 1,0 = 𝑌2(0,0)

 

What is the estimand? Reverse DiD

  𝐸 𝑌𝑖1 − 𝑌𝑖2 𝑫𝒊 = (1,0) −  𝐸 𝑌𝑖1 − 𝑌𝑖2 𝑫𝒊 = (0,0)



Turn off designs
Target parameter 2:

𝐴𝑇𝑇(2) ≡ 𝐸 𝑌𝑖1 1 − 𝑌𝑖1 0 |𝑫𝒊 = (1,0)

Identifying assumption:

 

PT:  𝐸 Δ𝑌 1,1 𝑫𝒊 = (1,0) =  𝐸 Δ𝑌 1,1 𝑫𝒊 = (1,1)

No carryover : 𝑌2 1,0 = 𝑌2(0,0)

 

What is the estimand? Reverse DiD w/ already treated control

  𝐸 𝑌𝑖1 − 𝑌𝑖2 𝑫𝒊 = (1,0) −  𝐸 𝑌𝑖1 − 𝑌𝑖2 𝑫𝒊 = (1,1)

Similar implication: PT plus same 
treatment effect dynamics



Today: a smorgasbord of additional DiD details

1. Starting from a non-zero dose (dCDH et al 2025) (same dynamics across groups)

2. Complicated treatment paths (dcDH 2024) (binarize, staggerize, scale by change in D)

3. Turn off designs (Kim and Lee) (no carryover + no dynamics)

4. Selection and PT (Ghanem, Sant’Anna, and Wuthrich 2024)

5. Robustness (Rambachan and Roth 2022)



Justifying parallel trends



Other paths through the blueprint:

What do you want to know/what can you know? (Parameter of Interest)

What are you willing to believe?   (Parallel Trends)

What should you actually do?    (Estimand/Estimator)

Were your beliefs plausible?    (Internal Validity)

What behavior generates PT?



PT:  𝐸 Δ𝑌𝑖 ∞ 𝐺𝑖 = 𝑔 − 𝐸 Δ𝑌𝑖 ∞ 𝐺𝑖 = ∞

Just a statistical assumption 

(in fact, there are others you could make just as easily!)

What does selection mean?

But someone 
chooses G: 
who? why?

…and is that 
choice related to 
trends in 𝒀𝒊 ∞ ?

Can we build a 
mathematical argument 
to support (or refute) 
the rhetoric?



What does selection mean?

Ashenfelter and Card (1985):
1. Extreme (and convenient!) non-selection 
 simple mean difference

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf


What does selection mean?

Ashenfelter and Card (1985):
1. Extreme (and convenient!) non-selection 
 simple mean difference

2. Mild (yet still convenient) selection on the 
FEDiD

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf


What does selection mean?

Ashenfelter and Card (1985):
1. Extreme (and convenient!) non-selection 
 simple mean difference

2. Mild (yet still convenient) selection on the 
FEDiD

3. Slightly more involved selection + time 
series assumptions  DiD

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf


What does selection mean?

Ashenfelter and Card (1985):
1. Extreme (and convenient!) non-selection 
 simple mean difference

2. Mild (yet still convenient) selection on the 
FEDiD

3. Slightly more involved selection + time 
series assumptions  DiD

4. Same selection + different time series 
assumptions  slightly convoluted DiD

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf


What does selection mean?

Ashenfelter and Card (1985):
1. Extreme (and convenient!) non-selection 
 simple mean difference

2. Mild (yet still convenient) selection on the 
FEDiD

3. Slightly more involved selection + time 
series assumptions  DiD

4. Same selection + different time series 
assumptions  slightly convoluted DiD

Can we update this (PO instead of 
regression errors) and generalize the 
selection/time-series relationship? 

YES!

https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf
https://davidcard.berkeley.edu/papers/train-prog-estimates.pdf


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Selection is:  𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1, 𝜀𝑖2, 𝜈𝑖 , 𝜂𝑖1, 𝜂𝑖2

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡) 

What does the selector 
know about untreated PO? 

Maybe they choose in period 1 
and know their FE + their shock?

𝛼𝑖: “I have a genetic risk factor, I’d 
better get a check up.”

𝛼𝑖 + 𝜀𝑖1: “I feel terrible today, I’d 
better get a check up”

𝜀𝑖1: “I feel worse than usual today, 
I’d better get a check up”

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Selection is:  𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1, 𝜀𝑖2, 𝜈𝑖 , 𝜂𝑖1, 𝜂𝑖2

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡) 

What does the selector 
know about untreated PO? 

Maybe they know the post-
period shock before they 
choose treatment?

𝜀𝑖2: “I feel a migraine coming 
on tomorrow, I’d better get a 
check up.”

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Example:     𝐺𝑖 = 𝑔 𝛼𝑖  = 1 𝛼𝑖 < 𝑦̅

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡) 

A&C #2: 

Treatment just cuts the FE 
distribution in two.

Shocks are just bouncing 
around however.

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Example:       𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1 = 1 𝜉1(𝛼𝑖 , 𝜀𝑖1) < 𝑦̅

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡) 

A&C #3/#4: 

Treatment just cuts the 
distribution of 𝑌𝑖1 ∞  in two.

Shocks are just bouncing 
around however. But 𝜀𝑖2 
and 𝐺𝑖 are linked by the role 
of 𝜀𝑖1. 

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Example:        𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1, 𝜀𝑖2

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡) 

A&C didn’t even touch it! 

Treatment may now pick out 
people with different 𝜀𝑖1

 and 𝜀𝑖2 

…and therefore maybe 
different 𝜀𝑖2 − 𝜀𝑖1 

…and therefore maybe 
different Δ𝑌𝑖 ∞  

PT violation

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Selection is:  𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1, 𝜀𝑖2, 𝜈𝑖 , 𝜂𝑖1, 𝜂𝑖2

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡) 

What does the selector 
know about “other things”? 

Could be costs of treatment:

𝜈𝑖: “the doctor’s office is far 
away”

𝜂𝑖1: “scheduling website is 
down today”

𝜂𝑖2: “road construction 
tomorrow”

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Selection is:  𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1, 𝜀𝑖2, 𝜈𝑖 , 𝜂𝑖1, 𝜂𝑖2

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡)

What does the selector 
know about “other things”? 

Could be anything else 
that’s either

Fixed (𝜈𝑖)
Idiosyncratic to period 1 (𝜂𝑖1)
Idiosyncratic to period 2 (𝜂𝑖2) 

*Actually there is a subtle distinction b/w selection on treatment effects and selecting on treated PO. Skip for now.

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


What does selection mean?

Ghanem, Sant’Anna, and Wuthrich (2024): 

Two periods (𝑡 = {1,2}), units (𝑖) choose treatment in period 2 
(𝐺𝑖  = 1 if treated, 0 otherwise)

Selection is:  𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1, 𝜀𝑖2, 𝜈𝑖 , 𝜂𝑖1, 𝜂𝑖2

Untreated PO is:  𝑌𝑖𝑡 ∞ = 𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡)

What does the selector 
know about “other things”? 

Generally need:

Something “random” in here 
(in principle). 

These things can’t be just 
proxies for what determines 
𝑌𝑖𝑡 ∞ : (𝛼𝑖 , 𝜀𝑖1, 𝜀𝑖2) 

*Actually there is a subtle distinction b/w selection on treatment effects and selecting on treated PO. Skip for now.

https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001
https://arxiv.org/pdf/2203.09001


Example of the analysis:

If selection into treatment depends on the lagged outcome:
𝐺𝑖 = 𝑔 𝛼𝑖 , 𝜀𝑖1

Then:
𝐸 𝜀𝑖2 𝐺𝑖 , 𝛼𝑖  , 𝜀𝑖1 =  𝐸 𝜀𝑖2 𝛼𝑖  , 𝜀𝑖1

If, in addition, 𝐸[𝜀𝑖2|𝛼𝑖 , 𝜀𝑖1]  =  𝜀𝑖1, then:

𝐸[𝜀𝑖2  −  𝜀𝑖1| 𝐺𝑖 , 𝛼𝑖  , 𝜀𝑖1]  =  0

Which is Parallel Trends in a separable version of 𝑌𝑖𝑡 ∞ =
𝜉𝑡(𝛼𝑖 , 𝜀𝑖𝑡).

…but its easier to see in examples.



Tradeoff: selection vs time-series
Selection on FE: no mean reversion (martingale)



Tradeoff: selection vs time-series
Selection on Y(0): no mean reversion (martingale)



Tradeoff: selection vs time-series
Selection on gains:* no mean reversion (martingale)

*Y(1) negatively correlated with Y(0)



Tradeoff: selection vs time-series
Selection on FE: mean reversion (mean stationary)



Tradeoff: selection vs time-series
Selection on Y(0): mean reversion (mean stationary)



Tradeoff: selection vs time-series
Selection on gains:* mean reversion (mean stationary)

*Y(1) negatively correlated with Y(0)



Other paths through the blueprint:

What do you want to know/what can you know? (Parameter of Interest)

What are you willing to believe?   (Parallel Trends)

What should you actually do?    (Estimand/Estimator)

Were your beliefs plausible?    (Internal Validity)

What if the answer is no?



Other paths through the blueprint:

What do you want to know/what can you know? (Parameter of Interest)

What are you willing to believe?       (Need a new assumption!)

What should you actually do?    (Estimand/Estimator)

Were your beliefs plausible?    (Internal Validity)

What if the answer is no?



Other paths through the blueprint:

What do you want to know/what can you know? (Parameter of Interest)

What are you willing to believe?          (bounded PT violations)

What should you actually do?    (Estimand/Estimator)

Were your beliefs plausible?    (Internal Validity)

Rambachan and Roth (honestdid): 

what if PT doesn’t hold, but PT doesn’t fail too badly?

https://watermark.silverchair.com/rdad018.pdf?token=AQECAHi208BE49Ooan9kkhW_Ercy7Dm3ZL_9Cf3qfKAc485ysgAAA3kwggN1BgkqhkiG9w0BBwagggNmMIIDYgIBADCCA1sGCSqGSIb3DQEHATAeBglghkgBZQMEAS4wEQQM3ypvFXvEl9D4aBjgAgEQgIIDLJfVU0X5JwlOK9aXoLOa2PCURdctc11SIVwDY2iYr9AKf-B8xYiz_KsKQvw_qT0SyyPNH7Ga1LOKjWOrOeDpJbD7luJZCbWJ4FYCa9T2kzXBpVZfxR-cBr2ZTPe1gbL19RyBJHeevxNdTutM0FcxlP8cOi39p6k45ic5e2rZbeyFa-A4pEWEjc7_aeizlJmQcUeP_xx4bc1vyXHggjaUab7-HL8WykKMKGR5WF8M9LtauvH6gNomWo7mbdy-dLnebNMYybLeoofQgGAJ6kPAWqZz6_16CTvjacVa6_pqdRfwpu__uiJkuXyFTa66ll3tiNvPn3xKG0lRIyuu2-2uimcIR15MppNU9hjWCELe2u108i-XrzgyKFKHqmmb53fHWX1OV80OTnxf_94gb8iN5cwwssXIJlCcPYBqIFF1UVRyP4u8sF34QtLI_4jzdH7pI3cKfByRuFlu82RW38E1Mi8WGV24C8oRHU0EjDm0uDJsaVqaC0ALmz-uNLKM8zVJILlA8mk-W4_K7t-P5NZXwh5-5vVLBZfhi29umjVRAw7g_ZZ3LXCiMXw2IpMNjna22nLab5AgiANkCpp5LUzt1UAJAB-5Nwpj96OF2Hgx8IqzuMDa9dtM9xA9UNfWEQEVPLPeJfuKOILmacf6fFJhz8Wniggyc7oF6ClEw0DX5gPIrCrGzpRQhvQJKTC-weFUpFwqCfLc8XBubLwJoRnzOdzGpqYhIK8ODL7eeSepF649nm8CV2mgwhTUdXRbCerHBcsWo6CwHaExiFwNeQw7yZ8FmkgsuSdZ8RkF4mSqiK5hYaZtSHblbA1rDt-_KPaQ-B3MMd_nCaqMUtSGCH0AX1tHyt3YkZC2w-zqerw3uQUEVkjcXaXcVNNTdu-IEHaJKqwQJ3uSKkQ_ijN7k0u6CDN6EmoTbLpdAbNRcW4scQk0vYHD6DHYWaHBNOTNm79plCN6RYh5d92qhPZQJCj27_KaayWmPEQyPM91mPV47GjvydrN8gGFSKVI7a_yqewPZFCkPZ-5Ms3Q5gap28UdBZdLE2cUCeqiAAMAAt35v1W80k4EavjuNwm5o8io
https://watermark.silverchair.com/rdad018.pdf?token=AQECAHi208BE49Ooan9kkhW_Ercy7Dm3ZL_9Cf3qfKAc485ysgAAA3kwggN1BgkqhkiG9w0BBwagggNmMIIDYgIBADCCA1sGCSqGSIb3DQEHATAeBglghkgBZQMEAS4wEQQM3ypvFXvEl9D4aBjgAgEQgIIDLJfVU0X5JwlOK9aXoLOa2PCURdctc11SIVwDY2iYr9AKf-B8xYiz_KsKQvw_qT0SyyPNH7Ga1LOKjWOrOeDpJbD7luJZCbWJ4FYCa9T2kzXBpVZfxR-cBr2ZTPe1gbL19RyBJHeevxNdTutM0FcxlP8cOi39p6k45ic5e2rZbeyFa-A4pEWEjc7_aeizlJmQcUeP_xx4bc1vyXHggjaUab7-HL8WykKMKGR5WF8M9LtauvH6gNomWo7mbdy-dLnebNMYybLeoofQgGAJ6kPAWqZz6_16CTvjacVa6_pqdRfwpu__uiJkuXyFTa66ll3tiNvPn3xKG0lRIyuu2-2uimcIR15MppNU9hjWCELe2u108i-XrzgyKFKHqmmb53fHWX1OV80OTnxf_94gb8iN5cwwssXIJlCcPYBqIFF1UVRyP4u8sF34QtLI_4jzdH7pI3cKfByRuFlu82RW38E1Mi8WGV24C8oRHU0EjDm0uDJsaVqaC0ALmz-uNLKM8zVJILlA8mk-W4_K7t-P5NZXwh5-5vVLBZfhi29umjVRAw7g_ZZ3LXCiMXw2IpMNjna22nLab5AgiANkCpp5LUzt1UAJAB-5Nwpj96OF2Hgx8IqzuMDa9dtM9xA9UNfWEQEVPLPeJfuKOILmacf6fFJhz8Wniggyc7oF6ClEw0DX5gPIrCrGzpRQhvQJKTC-weFUpFwqCfLc8XBubLwJoRnzOdzGpqYhIK8ODL7eeSepF649nm8CV2mgwhTUdXRbCerHBcsWo6CwHaExiFwNeQw7yZ8FmkgsuSdZ8RkF4mSqiK5hYaZtSHblbA1rDt-_KPaQ-B3MMd_nCaqMUtSGCH0AX1tHyt3YkZC2w-zqerw3uQUEVkjcXaXcVNNTdu-IEHaJKqwQJ3uSKkQ_ijN7k0u6CDN6EmoTbLpdAbNRcW4scQk0vYHD6DHYWaHBNOTNm79plCN6RYh5d92qhPZQJCj27_KaayWmPEQyPM91mPV47GjvydrN8gGFSKVI7a_yqewPZFCkPZ-5Ms3Q5gap28UdBZdLE2cUCeqiAAMAAt35v1W80k4EavjuNwm5o8io


Other paths through the blueprint:

What do you want to know/what can you know? (Parameter of Interest)

What are you willing to believe?          (bounded PT violations)

What should you actually do?    (inference on a set)

Were your beliefs plausible?    (Internal Validity)

Rambachan and Roth: 
Construct C.I.s around a set of identified ATTs, given some PT violation

More plausible than PT b/c PT is nested!

https://watermark.silverchair.com/rdad018.pdf?token=AQECAHi208BE49Ooan9kkhW_Ercy7Dm3ZL_9Cf3qfKAc485ysgAAA3kwggN1BgkqhkiG9w0BBwagggNmMIIDYgIBADCCA1sGCSqGSIb3DQEHATAeBglghkgBZQMEAS4wEQQM3ypvFXvEl9D4aBjgAgEQgIIDLJfVU0X5JwlOK9aXoLOa2PCURdctc11SIVwDY2iYr9AKf-B8xYiz_KsKQvw_qT0SyyPNH7Ga1LOKjWOrOeDpJbD7luJZCbWJ4FYCa9T2kzXBpVZfxR-cBr2ZTPe1gbL19RyBJHeevxNdTutM0FcxlP8cOi39p6k45ic5e2rZbeyFa-A4pEWEjc7_aeizlJmQcUeP_xx4bc1vyXHggjaUab7-HL8WykKMKGR5WF8M9LtauvH6gNomWo7mbdy-dLnebNMYybLeoofQgGAJ6kPAWqZz6_16CTvjacVa6_pqdRfwpu__uiJkuXyFTa66ll3tiNvPn3xKG0lRIyuu2-2uimcIR15MppNU9hjWCELe2u108i-XrzgyKFKHqmmb53fHWX1OV80OTnxf_94gb8iN5cwwssXIJlCcPYBqIFF1UVRyP4u8sF34QtLI_4jzdH7pI3cKfByRuFlu82RW38E1Mi8WGV24C8oRHU0EjDm0uDJsaVqaC0ALmz-uNLKM8zVJILlA8mk-W4_K7t-P5NZXwh5-5vVLBZfhi29umjVRAw7g_ZZ3LXCiMXw2IpMNjna22nLab5AgiANkCpp5LUzt1UAJAB-5Nwpj96OF2Hgx8IqzuMDa9dtM9xA9UNfWEQEVPLPeJfuKOILmacf6fFJhz8Wniggyc7oF6ClEw0DX5gPIrCrGzpRQhvQJKTC-weFUpFwqCfLc8XBubLwJoRnzOdzGpqYhIK8ODL7eeSepF649nm8CV2mgwhTUdXRbCerHBcsWo6CwHaExiFwNeQw7yZ8FmkgsuSdZ8RkF4mSqiK5hYaZtSHblbA1rDt-_KPaQ-B3MMd_nCaqMUtSGCH0AX1tHyt3YkZC2w-zqerw3uQUEVkjcXaXcVNNTdu-IEHaJKqwQJ3uSKkQ_ijN7k0u6CDN6EmoTbLpdAbNRcW4scQk0vYHD6DHYWaHBNOTNm79plCN6RYh5d92qhPZQJCj27_KaayWmPEQyPM91mPV47GjvydrN8gGFSKVI7a_yqewPZFCkPZ-5Ms3Q5gap28UdBZdLE2cUCeqiAAMAAt35v1W80k4EavjuNwm5o8io
https://watermark.silverchair.com/rdad018.pdf?token=AQECAHi208BE49Ooan9kkhW_Ercy7Dm3ZL_9Cf3qfKAc485ysgAAA3kwggN1BgkqhkiG9w0BBwagggNmMIIDYgIBADCCA1sGCSqGSIb3DQEHATAeBglghkgBZQMEAS4wEQQM3ypvFXvEl9D4aBjgAgEQgIIDLJfVU0X5JwlOK9aXoLOa2PCURdctc11SIVwDY2iYr9AKf-B8xYiz_KsKQvw_qT0SyyPNH7Ga1LOKjWOrOeDpJbD7luJZCbWJ4FYCa9T2kzXBpVZfxR-cBr2ZTPe1gbL19RyBJHeevxNdTutM0FcxlP8cOi39p6k45ic5e2rZbeyFa-A4pEWEjc7_aeizlJmQcUeP_xx4bc1vyXHggjaUab7-HL8WykKMKGR5WF8M9LtauvH6gNomWo7mbdy-dLnebNMYybLeoofQgGAJ6kPAWqZz6_16CTvjacVa6_pqdRfwpu__uiJkuXyFTa66ll3tiNvPn3xKG0lRIyuu2-2uimcIR15MppNU9hjWCELe2u108i-XrzgyKFKHqmmb53fHWX1OV80OTnxf_94gb8iN5cwwssXIJlCcPYBqIFF1UVRyP4u8sF34QtLI_4jzdH7pI3cKfByRuFlu82RW38E1Mi8WGV24C8oRHU0EjDm0uDJsaVqaC0ALmz-uNLKM8zVJILlA8mk-W4_K7t-P5NZXwh5-5vVLBZfhi29umjVRAw7g_ZZ3LXCiMXw2IpMNjna22nLab5AgiANkCpp5LUzt1UAJAB-5Nwpj96OF2Hgx8IqzuMDa9dtM9xA9UNfWEQEVPLPeJfuKOILmacf6fFJhz8Wniggyc7oF6ClEw0DX5gPIrCrGzpRQhvQJKTC-weFUpFwqCfLc8XBubLwJoRnzOdzGpqYhIK8ODL7eeSepF649nm8CV2mgwhTUdXRbCerHBcsWo6CwHaExiFwNeQw7yZ8FmkgsuSdZ8RkF4mSqiK5hYaZtSHblbA1rDt-_KPaQ-B3MMd_nCaqMUtSGCH0AX1tHyt3YkZC2w-zqerw3uQUEVkjcXaXcVNNTdu-IEHaJKqwQJ3uSKkQ_ijN7k0u6CDN6EmoTbLpdAbNRcW4scQk0vYHD6DHYWaHBNOTNm79plCN6RYh5d92qhPZQJCj27_KaayWmPEQyPM91mPV47GjvydrN8gGFSKVI7a_yqewPZFCkPZ-5Ms3Q5gap28UdBZdLE2cUCeqiAAMAAt35v1W80k4EavjuNwm5o8io


Bounding under PT violations

Bias if pre-trend 
continued

Linearly adjusted 
estimate



Bounding under PT violations

Bias if pre-trend 
doubled

Linearly adjusted 
estimate



Bounding under PT violations

Bias if pre-trend 
halved

Linearly adjusted 
estimate



Bounding under PT violations

Limits: 
• ad hoc
• linear violations
• no inference



Bounding under PT violations

Rambachan & Roth:

Confidence interval
around an identified 
set under PT violations 
that get worse by m 
each year



Even more extensions…

Random treatment timing (Roth and Sant’Anna)

PT & functional form (Roth and Sant’Anna)

Bayesian version of bounding (Chen and Roth)

Spatial spillovers (Butts 2023)

Time-varying X’s (Caetano et al 2024)

Compositional change (Hong 2013, Murto 2019, Sant’Anna and 
Zu 2025)

Triple Differences (Ortiz-Villavicencia and Sant’Anna 2025)

Efficient DiD (Chen ,Sant’Anna, Xie 2025)



A final thought

What do we want to learn?

How will we learn about it?

What will we do 
(specifically) with our data?

How should we interpret our results?

Target parameter

Identifying variation
Identifying assumptions
Estimand

Estimator

Robustness

Knowledge!
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